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Abstract

We analyze first-price sealed-bid auctions with independent private values in
which bidders are uncertain about the distribution of their opponents’ valua-
tions and have smooth ambiguity preferences. We characterize the unique non-
decreasing symmetric equilibrium, whose bidding function solves a nonlinear or-
dinary differential equation with an endogenous ambiguity-adjusted distribution.
Bids increase in ambiguity aversion, lie between the Bayesian benchmarks gen-
erated by the least and most competitive candidate priors, and converge to the
maxmin benchmark. Under constant relative ambiguity aversion (CRAA), the
equilibrium biding function is explicit.

We also compare auction formats. Under an ex ante predictive criterion, the
second-price auction dominates under ambiguity neutrality, but sufficiently strong
ambiguity aversion reverses the ranking. Under a model-based criterion, the first-
price auction performs better in less competitive environments and worse in more
competitive ones, while compressing the range of possible revenues. Bidder pref-
erences also depend on ambiguity attitudes: CRAA bidders weakly prefer the
second-price auction, whereas bidders with increasing absolute ambiguity aversion
weakly prefer the first-price auction.
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1 Introduction

Auctions are ubiquitous mechanisms for allocating goods and contracts, with applica-
tions ranging from spectrum sales and government procurement to online marketplaces.
Traditional auction theory typically assumes that bidders hold precise probabilistic be-
liefs about their rivals’ valuations and choose bids to maximize expected utility. In
practice, however, bidders often possess only incomplete or imprecise statistical in-
formation about competitors’ valuations. They therefore face ambiguity, or Knightian
uncertainty, about the underlying distribution of opponents’ values. This paper studies
first-price sealed-bid auctions in which bidders face such ambiguity and have smooth
ambiguity-averse preferences in the sense of Klibanoff, Marinacci, and Mukerji (2005).

Ambiguity matters in first-price auctions because bidding requires a strategic trade-
off that depends sensitively on beliefs about rivals’ valuations. In a first-price auction,
a bidder must shade her bid below her valuation, balancing the gain from bidding
more aggressively against the risk of paying too much conditional on winning. When
the distribution of opponents’ valuations is itself uncertain, this trade-off is no longer
governed by a single probability model. Ambiguity can therefore alter both the level
of bids and the extent of bid shading, with direct consequences for allocation, bidder
surplus, and seller revenue. Since first-price auctions require bidders to act strategically
under uncertainty about others’ behavior, they provide a natural environment in which
to study the effects of ambiguity-averse preferences.

We establish existence and uniqueness of a symmetric interim equilibrium under
suitable regularity conditions. The associated equilibrium bidding function satisfies
a nonlinear ordinary differential equation (ODE) that extends the standard bidding
equation from the Bayesian model. In the Bayesian benchmark, bid shading is gov-
erned by the reverse hazard rate of the distribution of opponents’ valuations. Under
ambiguity, this object is replaced by an ambiguity-adjusted average of reverse hazard
rates across models.

The contrast with the Bayesian benchmark becomes particularly sharp under con-
stant relative ambiguity aversion, where the equilibrium bidding function can be de-
rived explicitly. In this case, bidders bid as if opponents’ valuations were drawn from
a geometrically weighted average of the candidate priors. This effective prior is more
competitive, in the sense of first-order stochastic dominance, than the predictive prior
obtained by averaging the candidate beliefs according to the second-order distribu-
tion. Consequently, ambiguity leads to more aggressive bidding than under ambiguity
neutrality.

Motivated by this result, we derive general comparative statics for equilibrium bid-
ding under ambiguity. In particular, we show that equilibrium bids lie between the
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Bayesian equilibrium bids associated with the least competitive and the most com-
petitive priors among the candidate models. More generally, equilibrium bidding is
increasing in ambiguity aversion. Finally, we show that, in the limit, equilibrium bids
converge to the maxmin expected utility benchmark characterized by Lo (1998).

Ambiguity also has interesting implications for comparative statics with respect to
the number of bidders. In the Bayesian benchmark, greater competition in the form
of additional bidders leads to more aggressive bidding. Under ambiguity, by contrast,
this monotonicity need not hold. When bidders are sufficiently close to ambiguity
neutrality, adding bidders may even reduce equilibrium bids, because for a fixed degree
of ambiguity aversion the effective prior can become less competitive as the number of
bidders increases.

We then explore the implications of ambiguity for auction-format comparison. From
the seller’s perspective, there are two natural ways to rank auctions. When the seller
faces the same Knightian uncertainty as the bidders, it is natural to assume that she
evaluates ex ante expected revenue under the predictive prior, obtained by averaging
candidate models according to the common second-order prior. Under this predic-
tive criterion, the SPA yields higher revenue when bidders are ambiguity-neutral, but
sufficiently ambiguity-averse bidders bid aggressively enough that the FPA eventually
generates higher expected revenue.

Alternatively, the seller may be better informed about the underlying model, or
one may wish to evaluate revenue separately under each candidate model. Under this
model-by-model criterion, the seller prefers the FPA for less competitive models and the
SPA for more competitive ones. Moreover, ambiguity compresses the range of possible
seller revenues across candidate models under the FPA relative to the SPA.

Finally, we compare the two formats from the bidders’ perspective and show that
smooth ambiguity does not in general yield a uniform ranking: under constant relative
ambiguity aversion, bidders weakly prefer the SPA, whereas under increasing absolute
ambiguity aversion they weakly prefer the FPA.

We now turn to the related literature. A natural benchmark is Lo (1998), who
studies first-price auctions under the maxmin expected utility model of Gilboa and
Schmeidler (1989) and shows that bidders behave according to the worst-case prior.
Chen, Katuščák, and Ozdenoren (2007) use the α-MEU model to disentangle ambi-
guity from ambiguity attitudes, albeit under fairly restrictive assumptions on the set
of priors. Gretschko and Mass (2024) study worst-case equilibrium under coarse dis-
tributional information, while Kasberger and Schlag (2024) derive minimax-loss bids
without imposing equilibrium behavior. Kim (2024) provides comparative statics un-
der maxmin preferences and shows that bidders bid more aggressively as the set of
priors expands. The dissertation by Carvalho (2012) adopts a similar smooth ambi-
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guity approach, but focuses primarily on illustrative examples and does not provide
formal results on equilibrium existence or comparative statics. Auster and Kellner
(2022) study Dutch auctions under maxmin preferences, where information revelation
can change the locally worst prior and thereby break the usual equivalence with the
first-price auction.

Regarding bidders’ preferences over auction formats, Matthews (1987) compares
risk-averse buyers’ interim preferences over first- and second-price auctions, while Lo
(1998), in the maxmin framework, finds that the second-price auction is weakly pre-
ferred in symmetric equilibrium. Song (2025) study auctions with ambiguity-averse
bidders as robust auctions with affiliated values.

Our paper contributes to this literature by providing an equilibrium analysis of first-
price auctions under smooth ambiguity preferences, including existence, uniqueness,
comparative statics, and implications for revenue and auction-format comparisons.

The remainder of the paper is organized as follows. Section 2 presents the environ-
ment, characterizes the unique symmetric equilibrium, and studies the case of constant
relative ambiguity aversion in detail. Section 3 contains the comparative statics anal-
ysis. Section 4 compares the auction formats in terms of revenue and bidders’ interim
preferences. Section 5 concludes. Proofs are collected in the appendices.

2 First-Price Auctions under Ambiguity

We consider a first-price sealed-bid auction (FPA) with N ≥ 2 bidders competing for
a single indivisible good. Set I := {1, . . . , N}. Each bidder privately observes their
own valuation vi in V = [v, v] ⊂ [0,∞), where 0 ≤ v < v < ∞. The interior of V is
V ◦ = (v, v). The reserve price is normalized to zero.

Bidders face ambiguity about opponents’ valuations, modeled by a nondegenerate
(non-singleton) family F of candidate beliefs F := {Fθ : θ ∈ Θ}, indexed by a param-
eter set Θ = [θ, θ] ⊂ R. Each Fθ is a cumulative distribution function (CDF) with
common support V , admitting a strictly positive density fθ(v) := ∂vFθ(v) on V . We
assume that (θ, v) 7→ Fθ(v) and (θ, v) 7→ fθ(v) are jointly continuous on Θ × V . For
each model parameter θ ∈ Θ, the bidder considers others’ valuations as independent
with identical marginal distribution Fθ. We write fθ,−i (v−i) =

∏
j ̸=i fθ(vj).

We adopt the smooth ambiguity model introduced by Klibanoff et al. (2005). In this
framework, a bidder evaluates a bid through a two-stage process. First, for each model
parameter θ, the bidder computes expected utility using the corresponding candidate
belief Fθ. Second, these first-stage expected utilities are aggregated using the fully
supported second-order belief µ over the parameter set Θ and an ambiguity index ϕ that
reflects the bidder’s attitude toward ambiguity. The function ϕ : R+ → R+ is assumed
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to be continuous, strictly increasing, concave, and thrice continuously differentiable,
with 0 < ϕ′(0) < ∞.1

The bidders simultaneously submit sealed bids b1, . . . , bN ∈ R+. In the first-price
auction, the highest bidder wins the object and pays her bid. Given the submitted
bids, bidder i’s ex-post payoff is

ui(vi, b1, . . . , bN ) =


vi − bi, if bi > maxj ̸=i bj ,

0, if bi < maxj ̸=i bj .

If there is a tie for the highest bid, ties are broken uniformly at random.
Any bid bi > vi suffers from the winner’s curse and it is weakly dominated by

bidding vi. We therefore restrict bidder i’s strategies to be bounded by their own
valuation. A strategy for bidder i is thus a function βi : V → R+, with 0 ≤ βi(vi) ≤ vi.
For bidder i, write

v−i := (vj)j ̸=i, β−i(v−i) := (βj(vj))j ̸=i.

Bidder i’s interim utility from placing a bid bi, given valuation vi and opponents’
strategies β−i, is

Ui(bi, β−i, vi) =

∫
Θ
ϕ

(∫
V N−1

ui (vi, bi, β−i(v−i)) fθ,−i (v−i) dv−i

)
µ(dθ).

2.1 Equilibrium

We focus on symmetric interim equilibria of our game with non-Bayesian preferences.
A strategy profile (βi)i∈I is an interim equilibrium if, for every i ∈ I and vi ∈ V ,

βi(vi) ∈ arg max
bi∈[0,vi]

Ui(bi, β−i, vi).

It is symmetric if there exists a function β such that βi = β for every i ∈ I. A
symmetric equilibrium is non-decreasing if its common function β is non-decreasing
in own valuation. The interim equilibrium notion is natural in the auction context
because bidders choose after observing their own valuations; the behaviorally relevant
requirement is therefore optimality at every realized valuation.

We next motivate two natural assumptions in the auction context. As is well known,
the reverse hazard rate plays an important role in auctions. Our first assumption

1Lower boundedness and thrice continuous differentiability are commonly assumed, e.g., by Maskin
and Riley (1984).
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requires that there are worst and best beliefs according to the ordering induced by the
reverse hazard rate. Let F and G be two cumulative distribution functions on V . We
say that F dominates G in the Reverse Hazard Rate (RHR) order, denoted F ≿RHR G,
if and only if f(x)

F (x) ≥
g(x)
G(x) for all x ∈ V ◦.

Assumption 1 (RHR-ordered beliefs). For every θ′ ≥ θ we have

fθ′(v)

Fθ′(v)
≥ fθ(v)

Fθ(v)
∀v ∈ V ◦.

Define the most and least competitive endpoint distributions by F+ := Fθ and F− :=

Fθ, respectively.

The RHR order has a direct interpretation in terms of competitive intensity. Con-
ditional on a rival’s valuation being below v, a larger fθ(v)/Fθ(v) assigns more local
probability near v; with N − 1 independent rivals, (N − 1)fθ(v)/Fθ(v) is the propor-
tional rate at which the probability of beating all rivals rises with the cutoff. In the
standard SEU benchmark, a higher RHR therefore yields higher equilibrium bids at
every valuation. Assumption 1 ranks the candidate beliefs by the competitive intensity
of the corresponding auction environment, so ambiguity about opponents’ valuation
distribution can be viewed as uncertainty about which auction environment the bidder
faces. Familiar RHR-ordered distribution families are collected in Appendix E.

An advantage of the smooth ambiguity model is that ambiguity attitudes admit
Arrow–Pratt-type local indices based on the curvature of ϕ; see Klibanoff et al. (2005)
and Fabbri, Principi, and Stanca (2024). Our second assumption concerns this measure
of ambiguity aversion.

Assumption 2 (Ambiguity Attitude Regularity). Define relative ambiguity aversion
by ρ(x) := −xϕ′′(x)/ϕ′(x).

Either

(i) ρ is weakly increasing, i.e., preferences exhibit weakly increasing relative ambi-
guity aversion;2 or

(ii) the ambiguity attitude has bounded oscillation, i.e., osc(ρ) := supx ρ(x)−infx ρ(x) <
1.

We maintain Assumption 1 and one of the two alternatives in Assumption 2 from
now on.

Let us now come to our main theorem. For each model parameter θ, the highest
rival has CDF Hθ(v) := Fθ(v)

N−1 and density hθ(v) := (N − 1)Fθ(v)
N−2fθ(v). When

2Baillon and Placido (2019) provide experimental evidence on monotonic ambiguity attitudes.
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all opponents use a strictly increasing symmetric strategy β, a bid β(x) gives expected
payoff Hθ(x)

[
v − β(x)

]
under the candidate belief Fθ. This term will thus play a role

in the ordinary differential equation that the symmetric equilibrium bidding strategy
satisfies.

Theorem 1. 1. There exists a unique non-decreasing symmetric equilibrium in
which the bidding strategy β solves the ordinary differential equation (ODE)

β′(v) =

∫
Θ ϕ′(Hθ(v)(v − β(v)))hθ(v)µ(dθ)∫
Θ ϕ′(Hθ(v)(v − β(v)))Hθ(v)µ(dθ)

(v − β(v)), v ∈ V ◦, β(v) = v.

(1)

2. Every non-decreasing symmetric equilibrium strategy β exhibits bid shading on
the interior, i.e. β(v) < v for v ∈ V ◦, is strictly increasing and continuous, and
satisfies the ODE (1).

Proof. See Appendix A.

Let us compare the equilibrium bid under ambiguity with the bidding behavior of
a Bayesian agent. Without ambiguity, there is a single known valuation distribution
F ; write H := FN−1 and h := H ′. The standard Bayesian equilibrium bid satisfies the
ordinary differential equation

β′(v) =
h(v)

H(v)
(v − β(v)) = (N − 1)

f(v)

F (v)
(v − β(v)) .

Smooth ambiguity preserves this form but weighs the densities hθ and the distribu-
tion functions Hθ with the respective marginal ambiguity-adjusted expected utility
term ϕ′(Hθ(v)(v − β(v))). In Bayesian first-price auction, the reverse hazard rate h(v)

H(v)

determines how aggressive the bidding is. Under Knightian uncertainty, the corre-
sponding term is an endogenous weighted average of candidate highest-rival reverse
hazard rates, with weights determined by marginal ambiguity utility.

In the ambiguity-neutral case, one would conjecture that the equilibrium bid coin-
cides with the equilibrium bid of a Bayesian agent who uses the predictive (average)
prior F̄ (v) =

∫
Θ Fθ(v)µ(dθ). This is true for N = 2 bidders, but interestingly wrong

for more than two bidders as the next corollary explains.

Corollary 1 (Ambiguity neutrality). Consider the ambiguity-neutral case ϕ(x) = x.
Define

FN−1(v) :=

(∫
Θ
Fθ(v)

N−1 µ(dθ)
)1/(N−1)

, fN−1(v) := F ′
N−1(v).
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Then the equilibrium bidding function under ambiguity is equal to that of a standard
Bayesian first-price auction with independent private values (IPV) distributed according
to the prior FN−1.

For N > 2, FN−1 differs from the predictive prior F̄ because
∫
Θ Fθ(v)

N−1 µ(dθ) 6=(∫
Θ Fθ(v)µ(dθ)

)N−1 in general.

Proof. See Appendix A.

We next show that the bidding function under the smooth ambiguity model lies
between the bidding functions of Bayesian agents under the least and most competitive
endpoint distributions, respectively.

Proposition 1 (Comparison with Endpoint Distributions). Denote by β+ resp. β− the
equilibrium bid of a Bayesian agent under the most competitive endpoint distribution
F+ resp. least competitive endpoint distribution F− according to Assumption 1. We
have

β−(v) ≤ β(v) ≤ β+(v)

for all v ∈ V .

Proof. See Appendix B.

In the next step, we compare our results to the benchmark case of a pessimistic
(maxmin) ambiguity-averse agent in the sense of Gilboa and Schmeidler (1989) with
preferences

Umin
i (bi, β−i, vi) = min

θ∈Θ

∫
V N−1

ui (vi, bi, β−i(v−i)) fθ,−i (v−i) dv−i.

Under Assumption 1, the pointwise lower envelope of the candidate CDFs is F+. Lo
(1998) has shown that βmin = β+; an extremely pessimistic agent assumes the most
competitive endpoint distribution. Proposition 1 immediately implies

β(v) ≤ βmin(v) for every v ∈ V.

Thus the smooth-ambiguity equilibrium bid is bounded above by Lo’s maxmin bidding
benchmark.
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2.2 Constant Relative Ambiguity Aversion

In this section, we treat the particularly transparent case of constant relative ambiguity
aversion (CRAA), i.e.

ϕ(x) =


x1−a − 1

1− a
, a ≥ 0, a 6= 1,

lnx, a = 1.

For a > 0, CRAA indices fall outside the standing regularity conditions at zero:
ϕ′(0) = ∞ when 0 < a < 1, while ϕ is not finite at zero when a ≥ 1. We therefore
analyze CRAA separately. It turns out that with CRAA, we can identify exactly
the distorted ambiguity-adjusted distribution of a virtual Bayesian agent to which the
equilibrium bid under ambiguity corresponds.

Proposition 2. Suppose bidders have CRAA preferences with ambiguity a > 0. Define
the ambiguity-adjusted distribution by

Fa(v) :=


(∫

Θ
Fθ(v)

(N−1)(1−a) µ(dθ)
)1/[(N−1)(1−a)]

, a 6= 1,

exp
(∫

Θ
logFθ(v)µ(dθ)

)
, a = 1,

v ∈ V.

The displayed formula is understood on V ◦, with Fa(v) = 0 defined by continuous
extension. Then the equilibrium bid under ambiguity β coincides with the equilibrium
bid of Bayesian bidders with prior Fa.

In particular, the equilibrium bid is explicitly given by

β(v) = v −

∫ v
v Fa(t)

N−1 dt
Fa(v)N−1

. (2)

Proof. See Appendix C.2.

Let us illustrate the previous result in a common numerical environment. Take

V = [0, 1], N = 4, k ∼ Unif[1, 2], Fk(v) = vk.

For this family,

fk(v) = kvk−1, Hk(v) = v3k, hk(v) = 3kv3k−1.3

3Although the power family of distributions does not satisfy the assumption fk(0) > 0, all our
results hold for the family.
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Moreover, for v > 0,
fk(v)

Fk(v)
=

k

v
.

Thus a larger value of the model parameter k indexes a more competitive distribution,
with F− = F1 and F+ = F2. The singleton-belief FPA benchmarks are

β1(v) =
3

4
v, β2(v) =

6

7
v.

For a CRAA coefficient a, let r := 3(1− a). If a 6= 1 and v ∈ (0, 1), the effective prior
in Proposition 2 is

Fa(v) =

[∫ 2

1
vrk dk

]1/r
=

[
v2r − vr

r log v

]1/r
.

For a = 1,

Fa=1(v) = exp
(∫ 2

1
k log v dk

)
= v3/2.

The corresponding equilibrium bid is

βa(v) = v −
∫ v
0 Fa(t)

3 dt
Fa(v)3

,

and, in particular, βa=1(v) =
9
11v. Fig. 1 displays representative equilibrium bids for

a ∈ {0.2, 1, 3} together with the two singleton-belief benchmarks. Its right panel reports
bid differences relative to the logarithmic case a = 1, making the ordering among the
closely spaced CRAA bids visible.

3 Comparative Statics

In this section, we investigate the comparative statics of ambiguity aversion and the
number of bidders. Ambiguity aversion leads to more aggressive bidding, as intuition
suggests. In contrast to the Bayesian case, however, a larger number of bidders need not
lead to more aggressive bidding, even under CRAA. This is a sharp contrast between
Knightian uncertainty and the Bayesian case.

Ambiguity Aversion: between neutrality and maxmin. We first investigate
how differences in ambiguity aversion translate into equilibrium bidding behavior. Let
preferences A and B differ only in their ambiguity indices ϕA and ϕB. Preference A is
more ambiguity averse than B if ϕA = χ ◦ ϕB for some strictly increasing and concave
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Figure 1: CRAA equilibrium bids in the power-family illustration. The left panel reports bid
levels, while the right panel reports differences relative to a = 1. Equilibrium bids increase
with ambiguity aversion and remain between the singleton-belief benchmarks k = 1 and k = 2.
Here Fk(v) = vk, k ∼ Unif[1, 2], and N = 4.

function χ.

Theorem 2. Higher ambiguity aversion leads to more aggressive bidding.
Formally, let βA and βB denote the symmetric, non-decreasing equilibrium bidding

functions of bidders with ambiguity indices ϕA and ϕB, respectively. Assume that A is
more ambiguity averse than B in the sense that ϕA = χ◦ϕB for some strictly increasing
and concave function χ. Then, for every v ∈ V ,

βA(v) ≥ βB(v).

Proof. See Appendix B.

Raymond and Song (2026) develop a general framework for monotone comparative
statics under non-expected utility. In the smooth-ambiguity application closest to
ours, their sufficient condition requires the density fθ(v) to be log-supermodular in
(v, θ). Our Assumption 1 is weaker: the RHR order imposed there is equivalent to the
cumulative distribution function Fθ(v) being log-supermodular in (v, θ). The ambiguity
weights in Section 2.1 make the mechanism precise. Greater ambiguity aversion shifts
the endogenous weights toward model parameters with lower winning probabilities and,
under the RHR order, higher reverse hazard rates. The ambiguity-adjusted coefficient
therefore rises, and bidders reduce bid shading.

We now study the limiting behavior of bidding functions as ambiguity aversion
approaches infinity. As intuition suggests, equilibrium bids tend then to the equilibrium
bids under maxmin expected utility.
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Theorem 3 (Extreme ambiguity aversion). Let {ϕk}k≥1 be a sequence of ambiguity
indices satisfying our standing assumptions. For αk(x) := −ϕ′′

k(x)

ϕ′
k(x)

, suppose αk+1(x) ≥
αk(x) for every x ∈ [0, v] and every k, and infx∈[0,v] αk(x) → +∞. Let βk denote the
unique continuous non-decreasing symmetric equilibrium bidding function associated
with ϕk.

Then
βk(v) ↑ βmin(v) for every v ∈ V.

Proof. See Appendix B.

The CRAA case admits a parallel direct limiting argument through its ambiguity-
adjusted prior representation.

Remark 1. For CRAA preferences, the effective-prior representation yields a trans-
parent direct limit. The function Fa(v) is a generalized mean of the candidate CDFs
{Fθ(v)}θ∈Θ. By the generalized-mean limit,

lim
a→∞

Fa(v) = min
θ∈Θ

Fθ(v) = Fθ(v) ∀v ∈ V.

Writing βa for the equilibrium bid associated with parameter a, the formula in Eq. (2),
together with bounded convergence, therefore gives βa(v) → βmin(v) pointwise.

Changing the number of bidders. There is more competition when the number
of bidders increases. Thus, one expects more aggressive bidding in this case. In the
Bayesian case, this holds true. For a single known distribution F , the equilibrium bid
βF
N (v) satisfies

v − βF
N (v) =

∫ v
v F (t)N−1 dt
F (v)N−1

=

∫ v

v
exp

{
−(N − 1)

∫ v

t

f(u)

F (u)
du
}

dt.

This expression decreases with N , and hence βF
N (v) increases. Note that the exponent

contains the integral of the reverse hazard rate r = f
F from t to v, with a negative sign;

it is not simply N − 1 times the reverse hazard rate r.
Under ambiguity neutrality, however, from Corollary 1,

β0
N (v) = v −

∫ v

v

∫
Θ
Fθ(t)

N−1 µ(dθ) dt∫
Θ
Fθ(v)

N−1 µ(dθ)
.
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Due to the average over the second-order belief µ, it is no longer possible to write
this expression in terms of the reverse hazard rate. Increasing N can now have two
opposing effects. Conditional on a fixed model parameter θ, more rivals reduce bid
shading. At the same time, the factors Fθ(v)

N−1 change the relative weights assigned
to candidate beliefs. Under the RHR order, increasing N shifts relative weight toward
candidate beliefs with larger CDFs and lower reverse hazard rates, which can increase
bid shading. Neither effect dominates in general.

We illustrate this issue in the case of constant relative ambiguity aversion.

Example 1. Let V = [0, 1], let the model parameter satisfy k ∈ [0, 1], and set

Fk(v) = v exp{−10k(1− v)}.

Let the second-order belief have density

dµ
dk (k) = 0.1(1− k)9 + 9.9k9, k ∈ [0, 1].

This density is strictly positive and integrates to one; equivalently, it is the mixture of
two Beta-distributions, µ = 0.01Beta(1, 10) + 0.99Beta(10, 1). Moreover,

fk(v) = e−10k(1−v)(1 + 10kv) > 0 for every (k, v) ∈ [0, 1]2,

and, for v > 0,
fk(v)

Fk(v)
=

1

v
+ 10k,

so the model family is strictly RHR ordered.
Take CRAA coefficient a = 1/2, and let βN denote the equilibrium bid when the

total number of bidders is N , holding all other primitives fixed. By the effective-prior
representation in Proposition 2, the effective highest-rival CDF is

ĤN (v) =

[∫ 1

0
Fk(v)

(N−1)/2 µ(dk)
]2

= vN−1

[∫ 1

0
e−5(N−1)k(1−v) µ(dk)

]2
,

and hence

βN (v) = v −
∫ v
0 ĤN (t) dt
ĤN (v)

.

At v = 1/2, the generated values are

β3(1/2) ≈ 0.429, β4(1/2) ≈ 0.413, β5(1/2) ≈ 0.417.
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Figure 2: Comparative statics for increasing the number of bidders with constant relative
ambiguity aversion. Panel (a) reports equilibrium bids for N ∈ {3, 4, 5}. Panel (b) reports
adjacent-N bid differences; negative values show that adding a bidder can lower the equilibrium
bid, while the changes of sign show that the comparison depends on valuation. Here Fk(v) =
ve−10k(1−v), the second-order density is 0.1(1− k)9 + 9.9k9, and a = 1/2.

Thus the equilibrium bid first falls and then rises as N increases from three to five.
Indeed, β4 − β3 is negative on the generated interval (0.368, 0.660), while β5 − β4 is

negative on (0.525, 0.766). Thus the bid functions have no pointwise ordering in N .

4 Comparing Auction Formats

4.1 Revenue Comparison

We next compare the revenue of the first-price and the second-price auction from the
seller’s perspective. Recall that in a second-price auction, truth-telling remains the
weakly dominant strategy even under ambiguity. We thus assume this equilibrium
bidding behavior for the second-price auction.

In order to evaluate (ex-ante) revenue, we first have to decide how the seller deals
with the ambiguity of the model. There are two natural approaches. If we assume that
the second-order belief µ describes the objective model uncertainty of the environment
that is common knowledge, then the seller naturally considers the expected revenue
under the predictive prior by averaging model-specific expected revenue across model
parameters. We call this approach the predictive criterion. In other environments, we
might also think of an informed seller who knows or insists to use one specific model
parameter θ ∈ Θ. We call this criterion the model-based criterion.

The predictive criterion. Let us describe how the expected revenue is computed
by the seller under the predictive criterion. Conditional on a given model parameter θ,
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the N valuations are independently distributed according to Fθ. The associated joint
law is thus

Q(dθ, dv1, . . . , dvN ) = µ(dθ)
N∏
i=1

dFθ(vi), (3)

We use Q as the seller’s ex ante evaluation law and define the respective revenues of
the first-price and second-price auction as

RFPA
ϕ :=

∫
Θ

∫
V N

max
1≤i≤N

βϕ(vi)

N∏
i=1

dFθ(vi)µ(dθ) =

∫
Θ

∫
V
βϕ(v) dFθ(v)

N µ(dθ), (4)

RSPA :=

∫
Θ
Eθ
[
v(2)
]
µ(dθ) =

∫
Θ

∫
V N

v(2)

N∏
i=1

dFθ(vi)µ(dθ), (5)

where the second equality in Eq. (4) uses monotonicity of the equilibrium bid βϕ and
the fact that the highest valuation has cumulative distribution Fθ(v)

N under model
parameter θ. For the second-price auction, v(2) denotes the second-highest valuation
among bidders.

For each F ∈ F , let β{F} denote the symmetric equilibrium bidding function in the
standard risk-neutral FPA with singleton prior F . For each fixed θ, standard revenue
equivalence gives

Eθ
[
v(2)
]
=

∫
V
β{Fθ}(v) d

(
Fθ(v)

N
)
.

Integrating over θ, we obtain

RSPA =

∫
Θ

∫
V
β{Fθ}(v) d

(
Fθ(v)

N
)
µ(dθ). (6)

In the first step, we show that the seller prefers the second-price auction when
bidders are ambiguity-neutral.

Proposition 3 (Predictive revenue under ambiguity neutrality). With ambiguity-
neutral bidders, the second-price auction generates higher expected revenue under the
predictive prior for the seller compared to the first-price auction.

Proof. See Appendix D.

With ambiguity-neutral bidders, expected revenue under the first-price auction is
lower than expected revenue under the second-price auction. This is due to the effect
that Jensen’s inequality gives ∫

Θ
Fθ(v)

N µ(dθ) ≥ F̄ (v)N ,

14



with strict inequality whenever θ 7→ Fθ(v) is not µ-almost surely constant. The seller
thus works with a less competitive distribution for evaluation bids than the one given
by N independent draws from the predictive prior. From that perspective, expected
bids are lower than the expected bids in a first-price auction where bidders’ valuations
are drawn independently from the predictive prior, leading to lower expected revenue.

On the other hand, we know from Lo (1998) that the first-price auction yields
higher revenue than the second-price auction when bidders are ambiguity-averse in the
maxmin sense. This conclusion is also in line with our findings. Theorem 2 shows
that bidders bid more aggressively when ambiguity aversion increases, and their bids
converge to the maxmin bid as ambiguity aversion tends to infinity. We now show that
the predictive revenue of the first-price auction converges monotonically to a higher
value than the predictive revenue of the second-price auction.

Proposition 4 (Predictive revenue under large ambiguity aversion). For sufficiently
large ambiguity aversion, the FPA generates strictly higher predictive revenue than the
SPA.

More formally: Let {ϕℓ}ℓ≥1 be a sequence of ambiguity indices satisfying the hy-
potheses of Theorem 3, and let βℓ denote the corresponding FPA equilibrium bids.
Then the expected revenue in the first-price auction is monotonically increasing and
there exists ℓ0 < ∞ such that RFPA

ϕℓ
> RSPA for every ℓ ≥ ℓ0.

Proof. See Appendix D.

Example 2. Consider again the power-family environment from Section 2.2:

V = [0, 1], N = 4, k ∼ Unif[1, 2], Fk(v) = vk.

For each CRAA coefficient a ≥ 0, let βa denote the symmetric equilibrium bid. For
a > 0, it is computed from the effective-prior representation in Proposition 2; at a =

0, we use its ambiguity-neutral specialization. Under the seller’s common-parameter
predictive law, one model parameter k is drawn for the auction and, conditional on k,
all four valuations are drawn independently from Fk.

Since the maximal valuation has the density

4Fk(v)
3fk(v) = 4kv4k−1

under model parameter k, the predictive revenue of the first-price auction is

RFPA
ϕa

=

∫ 2

1

∫ 1

0
βa(v) 4kv

4k−1 dv dk.
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Truthful bidding is dominant in the SPA. We apply classical Bayesian revenue
equivalence separately for each fixed model parameter k: the revenue of the second-price
auction under prior Fk is equal to the revenue of the first-price auction under the
same prior, but with the corresponding Bayesian equilibrium bid β{Fk}, not with the
smooth-ambiguity bid βa. Because

β{Fk}(v) =
3k

3k + 1
v,

we obtain

RSPA =

∫ 2

1

∫ 1

0
β{Fk}(v) 4kv

4k−1 dv dk

= 0.695.

The most competitive model parameter is k = 2, so the most competitive endpoint
distribution, and hence the worst case for a maxmin agent, is F2, resulting in an
equilibrium bid βmin = β{F2}. Its predictive-revenue benchmark is

RFPA
∞ :=

∫ 2

1

∫ 1

0
βmin(v) 4kv4k−1 dv dk = 0.731.

At ambiguity neutrality, predictive FPA revenue is 0.691. It is weakly increasing,
consistently with Theorem 2. It eventually exceeds predictive SPA revenue and moves
toward the MEU endpoint, illustrating the conclusion of Proposition 4; for CRAA, the
limiting step follows from the direct effective-prior argument after Theorem 3. The
computed revenue curves cross once, at a∗ = 0.544. At the largest displayed coefficient
a = 20, the distance from predictive FPA revenue to the MEU benchmark is 0.006.

All computed bids are non-decreasing in valuation.

The model-based criterion. Let us now consider the case when the seller knows
the true model parameter θ and evaluates revenue under the corresponding distribution
Fθ. Equivalently, we evaluate revenue separately under each candidate belief F ∈ F .
Although the ranking of the two formats may vary across candidate beliefs, the range
of FPA revenues is contained in the corresponding range of SPA revenues.

For each F ∈ F , define the FPA revenue generated by the ambiguity-equilibrium
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Figure 3: Predictive seller revenue under CRAA in the power-family illustration. The figure
compares predictive FPA revenue with predictive SPA revenue as the CRAA coefficient in-
creases; the upper horizontal line is the MEU endpoint benchmark RFPA

∞ . The computed FPA
revenue eventually exceeds SPA revenue. Here Fk(v) = vk, k ∼ Unif[1, 2], and N = 4. The
unique computed crossing occurs at a∗ = 0.544.

bid β and the SPA revenue, expressed using conditional revenue equivalence, by

RFPA(F ) :=

∫
V
β(v) d

(
F (v)N

)
,

RSPA(F ) :=

∫
V
β{F}(v) d

(
F (v)N

)
,

where β{F} is the symmetric equilibrium bid in the standard risk-neutral FPA under
the singleton prior F . The dependence of RFPA(F ) on the maintained ambiguity index
is suppressed in the notation.

Proposition 5 (Model-based revenue comparison). For any θ′, θ ∈ Θ with θ′ ≥ θ,

RFPA(Fθ′) ≥ RFPA(Fθ) and RSPA(Fθ′) ≥ RSPA(Fθ).

The inequalities are strict whenever Fθ′ 6= Fθ. Moreover,

RFPA(F−) > RSPA(F−), RFPA(F+) < RSPA(F+).

That is, an informed seller prefers the first-price auction for less competitive models
and the second-price auction for more competitive models.

Consequently, the two formats generate the same revenue for at least one

θ ∈ (θ, θ).
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Proof. See Appendix D.

Define the lower and upper revenue envelopes over F by

RFPA := inf
F∈F

RFPA(F ), R
FPA

:= sup
F∈F

RFPA(F ),

RSPA := inf
F∈F

RSPA(F ), R
SPA

:= sup
F∈F

RSPA(F ).

The endpoint comparison uses the bid bounds in Proposition 1.

Corollary 2 (Revenue interval compression). The interval of possible revenues across
candidate beliefs F ∈ F is smaller under the first-price auction compared to the second-
price auction:

RFPA ≥ RSPA, R
FPA ≤ R

SPA
.

Proof. See Appendix D.

Example 3. Consider again the power-family environment from Section 2.2, where
V = [0, 1], N = 4, k ∼ Unif[1, 2], and Fk(v) = vk. Fix the ambiguity aversion at a = 1.
From the seller’s perspective, higher parameter values k are better as they lead to more
competitive distributions of bidder valuations. This example confirms Proposition 5:
the seller prefers the FPA for less competitive models and the SPA for more competitive
models.

As shown above, the effective prior and equilibrium bid are

Fa=1(v) = v3/2, βa=1(v) =
9

11
v.

Under model parameter k, the seller’s expected revenue is

RFPA
a=1 (k) =

∫ 1

0
βa=1(v) 4kv

4k−1 dv =
9

11

4k

4k + 1
.

Under model parameter k, the CDF of the second-highest valuation is

P k
(
v(2) ≤ v

)
= Fk(v)

4 + 4
[
1− Fk(v)

]
Fk(v)

3 = 4v3k − 3v4k.

Using classical revenue equivalence, we have

RSPA(k) = Ek[v(2)] =

∫ 1

0

[
1− 4v3k + 3v4k

]
dv =

3k

3k + 1

4k

4k + 1
.
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Figure 4: CRAA revenue-interval compression in the power-family illustration. Panel (a) com-
pares FPA and SPA revenue across the model parameter k, while panel (b) displays the corre-
sponding revenue intervals. The FPA raises the lower endpoint and lowers the upper endpoint
relative to the SPA. Here Fk(v) = vk, k ∼ Unif[1, 2], a = 1, and N = 4.

Both revenue profiles are increasing in k. The resulting revenue intervals are

RFPA
a=1 ([1, 2]) = [0.655, 0.727], RSPA([1, 2]) = [0.600, 0.762].

The seller prefers the first-price auction for k < 1.5, is indifferent at k = 1.5, and
prefers the second-price auction for k > 1.5; see Fig. 4.

4.2 Bidders’ Interim Preferences

Following Matthews (1987), we compare the FPA and SPA from the bidders’ point of
view. Our criterion is a bidder’s equilibrium interim utility at each realized valuation.
In the standard quasilinear IPV auctions, payoff equivalence gives a bidder the same
interim utility in the two formats at every valuation. This equivalence can fail even
without ambiguity once utility over money is nonlinear. Matthews (1987) shows that,
with independent private values, bidders with decreasing absolute risk aversion prefer
the SPA, bidders with constant absolute risk aversion are indifferent, and bidders with
increasing absolute risk aversion prefer the FPA.

Lo (1998) obtains another uniform ranking under maxmin expected utility: when
the two formats use the same reserve price, every bidder weakly prefers the SPA at every
valuation at which she participates. Smooth ambiguity, by contrast, does not generally
yield a uniform ranking. The two formats generate different profiles of expected payoffs
under the candidate beliefs, which are then aggregated nonlinearly; the preferred format
may therefore depend on the ambiguity index, the family of candidate beliefs, the
second-order belief, and the bidder’s valuation. This motivates our focus on two classes
of ambiguity attitudes for which the ranking is sharp. CRAA bidders weakly prefer
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the SPA, whereas bidders with IAAA weakly prefer the FPA, with CAAA as a special
case. These classes do not exhaust smooth ambiguity preferences: we also provide an
example outside them in which the ranking crosses with valuation, so that bidders with
different valuations prefer different auction formats.

For an auction format A ∈ {FPA, SPA}, write UA
i (v) := UA

i (βA
i (v), βA

−i, v). A
bidder with valuation v weakly prefers format A to format B if UA

i (v) ≥ UB
i (v). We

say that bidders weakly prefer A to B if this inequality holds for every v ∈ V .
Recall that absolute ambiguity aversion is α(x) := −ϕ′′(x)/ϕ′(x). Preferences

exhibit increasing absolute ambiguity aversion (IAAA) when α is weakly increasing;
CAAA is the constant special case.

Proposition 6 (CRAA bidder preference). Suppose bidders have CRAA preferences.
Then bidders weakly prefer the SPA to the FPA at every valuation:

USPA(v) ≥ UFPA(v) ∀v ∈ V.

Proof. See Appendix C.3.

Proposition 7 (IAAA bidder preference). Suppose the maintained equilibrium as-
sumptions hold and bidders’ smooth ambiguity preferences exhibit IAAA. Then bidders
weakly prefer the FPA to the SPA at every valuation:

UFPA(v) ≥ USPA(v) ∀v ∈ V.

In particular, the result applies to CAAA.

Proof. See Appendix C.3.

The bidder-preference reversal arises because IAAA, including CAAA, and CRAA
evaluate ambiguity over payoffs under the candidate beliefs in fundamentally different
ways. Under IAAA, low payoffs under the candidate beliefs receive disproportionately
high marginal ambiguity utility. This makes the bidder especially sensitive to the
downside states in which competition is strong. The first-price auction mitigates this
downside exposure because, conditional on winning, the bidder’s surplus is fixed by
her own bid rather than varying across candidate beliefs. In this sense, the first-
price auction provides insurance across candidate beliefs, which is valued under IAAA.
Under CRAA, however, the relevant force is not downside protection but aggregation.
Constant relative ambiguity aversion yields a homothetic aggregator, so the second-
price auction benefits from aggregating payoff components within each candidate belief
before ambiguity is evaluated. This aggregation advantage dominates the insurance role
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Figure 5: CRAA interim-utility comparison in the power-family illustration. The left panel
reports UFPA(v) and USPA(v), while the right panel reports their difference. Here Fk(v) = vk,
k ∼ Unif[1, 2], N = 4, and ϕ(x) =

√
x.

of the first-price auction, leading CRAA bidders to prefer the second-price auction.
Thus, the preference ranking reverses because IAAA emphasizes protection against
unfavorable candidate beliefs, whereas CRAA emphasizes the relative aggregation of
payoffs across candidate beliefs.

Example 4. Continue with the power-family environment introduced above. For each
model parameter k,

Hk(v) = v3k, Ak(v) :=

∫ v

0
Hk(t) dt = v3k+1

3k + 1
.

Given an FPA equilibrium bid β, define the payoffs under model parameter k:

XFPA
k (v) = Hk(v)[v − β(v)], XSPA

k (v) = Ak(v).

The smooth-ambiguity interim utilities are

UFPA(v) =

∫ 2

1
ϕ
(
XFPA

k (v)
)

dk, USPA(v) =

∫ 2

1
ϕ
(
XSPA

k (v)
)

dk.

First let ϕ(x) =
√
x. The exact CRAA effective-prior representation with a = 1

2 yields
the FPA equilibrium bid. The resulting interim-utility comparison is shown in Fig. 5;
the SPA is weakly preferred at every valuation.

Next let
ϕ(x) =

1− e−5x

5
.

The corresponding CAAA equilibrium yields the opposite ranking, as shown in Fig. 6;
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Figure 6: CAAA interim-utility comparison in the power-family illustration. The left panel
reports UFPA(v) and USPA(v), while the right panel reports their difference. The difference
remains nonnegative but need not be monotone. Here Fk(v) = vk, k ∼ Unif[1, 2], N = 4, and
ϕ(x) = (1− e−5x)/5.

the FPA is weakly preferred at every valuation. This CAAA numerical example illus-
trates the more general IAAA result above.

The following example shows that the auction-format preference ranking can cross
as the bidder’s valuation varies.

Example 5. Continue with the power-family environment

V = [0, 1], N = 4, k ∼ Unif[1, 2], Fk(v) = vk.

Let
ϕ(z) =

∫ z

0
exp

{
−9.01x+ 30x2 − 100

3
x3
}

dx.

The utility comparison has one economically meaningful interior crossing at v ≈
0.93956. Bidders with valuations below the crossing prefer the FPA, whereas those
with sufficiently high valuations prefer the SPA; see Fig. 7.

5 Conclusion

This paper studies first-price sealed-bid auctions when bidders face ambiguity about
the distribution of their opponents’ valuations and evaluate such uncertainty through
smooth ambiguity preferences. Our results show that this framework preserves enough
structure to permit a sharp equilibrium analysis while generating implications that
differ systematically from both the Bayesian and maxmin benchmarks. We establish
existence and uniqueness of a symmetric interim equilibrium under suitable conditions
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Figure 7: Valuation-dependent interim-utility comparison in the power-family illustration. The
left panel reports UFPA(v) and USPA(v), while the right panel reports their difference. The
vertical line marks the crossing between FPA and SPA preferences under Fk(v) = vk, k ∼
Unif[1, 2], and N = 4.

and characterize equilibrium bidding through a nonlinear differential equation in which
ambiguity enters through an endogenous distortion of beliefs.

This characterization yields a transparent account of how ambiguity affects strate-
gic bidding. Ambiguity aversion makes bidders more aggressive, and equilibrium bids
remain pinned between the Bayesian bids associated with the least and most compet-
itive candidate priors, converging to the maxmin benchmark as ambiguity aversion
becomes extreme. At the same time, smooth ambiguity generates comparative statics
that have no analogue in the standard model: in particular, the effect of additional
competition need not be monotone, because the number of bidders changes not only
the strategic environment but also the effective prior against which bidders optimize.

The analysis also has clear implications for auction design. From the seller’s per-
spective, the revenue ranking between first-price and second-price auctions depends on
how model uncertainty is evaluated. Under a predictive criterion, sufficiently strong
ambiguity aversion can overturn the ambiguity-neutral ranking and make the first-price
auction more profitable. Under a model-by-model criterion, the first-price auction per-
forms better in less competitive environments and worse in more competitive ones,
while compressing the range of possible revenues across models. From the bidders’ per-
spective, smooth ambiguity does not imply a uniform ranking of auction formats, so
ambiguity attitudes themselves become relevant for the comparison between standard
auction mechanisms.

Taken together, these findings suggest that smooth ambiguity provides a useful
middle ground for auction theory. It retains more behavioral richness than the Bayesian
model, while remaining substantially more structured than worst-case approaches. As
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a result, it offers a tractable way to study how model uncertainty shapes equilibrium
behavior, revenue, and mechanism comparison in auctions.
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Appendix
Appendix A Proof of the Equilibrium Characterization

The proof is organized into four lemmas. Lemma 1 records the order implications
of Assumption 1 and gives the domination needed to differentiate under the second-
order belief. Lemma 2 proves necessity: in any non-decreasing equilibrium, bidders
shade their bids at every valuation above v; the bidding strategy has no pooling or
jumps, is locally Lipschitz, and satisfies the ODE on the interior. Lemma 3 proves
existence by constructing the interior ODE path that can be continuously attached
to the lower boundary. Lemma 4 verifies optimality of the constructed solution and
proves uniqueness.

Lemma 1 (Order bounds and differentiation under µ). Suppose Assumption 1 holds.
Write H± := (F±)N−1 and h± := (H±)′. For every θ ∈ Θ and every x ∈ V ◦,

H+(x) ≤ Hθ(x) ≤ H−(x),
hθ(x)

Hθ(x)
≥ hθ(x)

Hθ(x)
≥

hθ(x)

Hθ(x)
.

For every compact interval I ⊂ V ◦, define

MI := max
(θ,x)∈Θ×I

hθ(x) < ∞, mI := min
(θ,x)∈Θ×I

Hθ(x) > 0.

Finally, define

Ψ(x, c) :=

∫
Θ
ϕ(Hθ(x)c)µ(dθ), (x, c) ∈ V ◦ × (0,∞).

Then Ψ is continuously differentiable on compact subsets of V ◦ × (0,∞), and

Ψx(x, c) =

∫
Θ
ϕ′(Hθ(x)c)hθ(x)cµ(dθ),

Ψc(x, c) =

∫
Θ
ϕ′(Hθ(x)c)Hθ(x)µ(dθ).

(7)

Moreover, Ψc(x, c) > 0.

Proof. The implication from the RHR order to first-order stochastic dominance is stan-
dard. With our convention, F+ �RHR Fθ �RHR F− implies F+(x) ≤ Fθ(x) ≤ F−(x);
see Shaked and Shanthikumar (2007). Raising these inequalities to the power N − 1
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gives H+(x) ≤ Hθ(x) ≤ H−(x). Moreover,

hθ(x)

Hθ(x)
= (N − 1)

fθ(x)

Fθ(x)
,

so the RHR order is inherited by the highest-rival distributions and gives the displayed
highest-rival RHR order.

On every compact interval I ⊂ V ◦, the formulas Hθ = FN−1
θ and hθ = (N −

1)FN−2
θ fθ inherit joint continuity. Compactness of Θ× I gives MI < ∞ and, because

Hθ(x) > 0 on the interior, mI > 0.
Fix a compact rectangle I×C ⊂ V ◦×(0,∞). Since ϕ is concave and 0 < ϕ′(0) < ∞,

0 < ϕ′(y) ≤ ϕ′(0) for all y ≥ 0. The density bound gives, for (x, c) ∈ I × C,∣∣ϕ′(Hθ(x)c)hθ(x)c
∣∣ ≤ ϕ′(0)MI supC,

∣∣ϕ′(Hθ(x)c)Hθ(x)
∣∣ ≤ ϕ′(0).

These bounds do not depend on θ and are µ-integrable. Joint continuity gives the
required uniform domination, so differentiation under the µ-integral yields (7) and the
derivatives are continuous. Positivity of Ψc follows from ϕ′ > 0 and Hθ(x) > 0 for
x ∈ V ◦.

Lemma 2 (Necessity of the ODE). Let β be the common bidding function in a non-
decreasing symmetric equilibrium. Then

lim
v↓v

β(v) = v.

Moreover, β(v) < v for every v > v, β is strictly increasing and continuous on V ◦, and
β is locally Lipschitz on V ◦. Hence β is absolutely continuous on compact subintervals
of V ◦ and differentiable almost everywhere. At every point of differentiability, β satisfies
the ODE (1). Consequently, β is C1 on V ◦ and satisfies the ODE pointwise.

Proof. We prove the claim in five steps.

Step 1: Rule out bidding at one’s valuation. Feasibility gives β(v) ≤ v. Suppose
β(v) = v for some v > v. Choose t ∈ (v, v). Since β(t) ≤ t < v, a bidder with
valuation v can deviate to β(t). By monotonicity, this bid wins or ties whenever all
N − 1 opponents have valuations weakly below t, an event with probability Hθ(t) > 0

under every θ ∈ Θ. Whenever the bidder wins or ties, the payoff is strictly positive.
Hence U(β(t), β, v) > ϕ(0). At the bid β(v) = v, the bidder obtains zero payoff whether
she wins, ties, or loses, so U(β(v), β, v) = ϕ(0). This contradicts optimality. Hence
β(v) < v for every v > v.
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Step 2: Rule out pooling. We show that a non-decreasing equilibrium must be strictly
increasing. Suppose that β pools a nondegenerate interval of valuations at a bid b̂. Let
I(b̂) := {x ∈ V : β(x) = b̂}, let ℓ := inf I(b̂), and let h := sup I(b̂), with ℓ < h. Choose
v ∈ (ℓ, h). By Step 1, b̂ = β(v) < v.

At b̂, allocation is shared with every opponent whose valuation belongs to the
pooling interval. Under model parameter θ, the allocation probability at the pooled
bid is

P pool
θ =

N−1∑
k=0

(
N − 1

k

)
Fθ(ℓ)

N−1−k [Fθ(h)− Fθ(ℓ)]
k 1

k + 1
.

The binomial identity

P pool
θ =

Fθ(h)
N − Fθ(ℓ)

N

N [Fθ(h)− Fθ(ℓ)]

shows that, because Fθ(h) > Fθ(ℓ),

P pool
θ < Fθ(h)

N−1 = Hθ(h).

Thus
U(b̂, β, v) =

∫
Θ
ϕ
(
P pool
θ (v − b̂)

)
µ(dθ).

For ε > 0 small enough that b̂+ε < v, a deviation to b̂+ε strictly beats every opponent
in the pooling interval, and hence

U(b̂+ ε, β, v) ≥
∫
Θ
ϕ
(
Hθ(h)(v − b̂− ε)

)
µ(dθ).

At ε = 0, the latter expression is strictly larger than the payoff at b̂. By continuity, the
strict inequality persists for all sufficiently small ε > 0, contradicting optimality. Thus
β is strictly increasing.

Lower-endpoint behavior. We next show that the equilibrium path attaches con-
tinuously to the lower boundary. Since β is non-decreasing and 0 ≤ β(v) ≤ v, the right
limit

lim
v↓v

β(v)

exists and is no larger than v.
Suppose, to the contrary, that

lim
v↓v

β(v) < v.
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This strict inequality can arise only if v > 0. There then exists x ∈ V ◦ such that
β(x) < v. By the strict monotonicity established above, for every v ∈ (v, x),

U(β(v), β, v) =

∫
Θ
ϕ(Hθ(v)[v − β(v)])µ(dθ).

Joint continuity and compactness imply

sup
θ∈Θ

Hθ(v) −→ 0 as v ↓ v.

Since v − β(v) is bounded,
U(β(v), β, v) −→ ϕ(0).

The fixed deviation β(x) is feasible for all v > v, since β(x) < v < v. Moreover,

U(β(x), β, v) =

∫
Θ
ϕ(Hθ(x)[v − β(x)])µ(dθ),

and therefore

U(β(x), β, v) −→
∫
Θ
ϕ(Hθ(x)[v − β(x)])µ(dθ) > ϕ(0).

The strict inequality follows from Hθ(x) > 0, v−β(x) > 0, and the strict monotonicity
of ϕ.

These two limits imply that every bidder with a valuation sufficiently close to v has
a profitable deviation to β(x), contradicting equilibrium. Hence

lim
v↓v

β(v) = v.

Thus the equilibrium path has the continuous extension β(v) = v.

Step 3: Rule out jumps. Strict monotonicity alone is not enough; the bid function also
cannot have gaps. Suppose that β has an upward jump at some v̂ ∈ V ◦:

b− := lim
x↑v̂

β(x) < lim
x↓v̂

β(x) =: b+.

Choose bm ∈ (b−, b+). Let vn ↓ v̂ and set bn := β(vn). Then bn → b+. Feasibility gives
bn ≤ vn, hence b+ ≤ v̂. Therefore bm < vn for all sufficiently large n.

Because β is strictly increasing, no valuation other than possibly v̂ is mapped into
(b−, b+). Since every Fθ is continuous, the event that any opponent has valuation v̂ has
probability zero. Thus a deviation to bm wins exactly when the highest rival valuation

28



is below v̂:
U(bm, β, vn) =

∫
Θ
ϕ (Hθ(v̂)(vn − bm))µ(dθ).

At the equilibrium bid bn = β(vn), strict monotonicity implies that a bidder with
valuation vn wins exactly when the highest rival valuation is below vn:

U(bn, β, vn) =

∫
Θ
ϕ (Hθ(vn)(vn − bn))µ(dθ).

Letting n → ∞, these two payoffs converge to∫
Θ
ϕ (Hθ(v̂)(v̂ − bm))µ(dθ) and

∫
Θ
ϕ
(
Hθ(v̂)(v̂ − b+)

)
µ(dθ),

respectively. Since bm < b+ and ϕ is strictly increasing, the first limit is strictly larger
than the second. Thus, for all large n, a bidder with valuation vn has a profitable
deviation to bm, a contradiction. Therefore β is continuous on V ◦. The same no-gap
argument gives continuity at the finite upper endpoint v.

Step 4: Establish local Lipschitz regularity. The purpose of this step is to convert
incentive compatibility into a local slope bound. Fix v0 ∈ V ◦. Since β is continuous
on V ◦ and β(v) < v for every v > v, choose r > 0 such that

I := [v0 − r, v0 + r] ⊂ V ◦, m := inf
x∈I

{x− β(x)} > 0, 2r < m.

Let M := supx∈I{x− β(x)} and use the compact rectangle R := I × [m/2,M + 2r]. If
v, w ∈ I and ∆ := w−v, then ∆ ≤ 2r, and hence w−β(w) ∈ [m,M ] and v−β(v)+∆ ∈
[m,M +2r]. The lower bound m/2 is a buffer for the nearby-valuation deviations used
in the next step.

By Lemma 1, Ψx and Ψc are continuous on R, and Ψc > 0 on R. Hence Λ :=

supR |Ψx| < ∞ and α0 := infR Ψc > 0. Take v, w ∈ I with v < w, and write ∆ := w−v.
Incentive compatibility for a bidder with valuation w, who can deviate to β(v), gives

Ψ(w,w − β(w)) ≥ Ψ(v, w − β(v)) = Ψ(v, v − β(v) + ∆).

We compare both sides at the same second argument w − β(w). Since

Ψ(w,w − β(w))−Ψ(v, w − β(w)) =

∫ w

v
Ψx(y, w − β(w))dy ≤ Λ∆,
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incentive compatibility implies

Ψ(v, v − β(v) + ∆)−Ψ(v, w − β(w)) ≤ Λ∆.

By the mean value theorem in the second argument, for some ξ ∈ [m/2,M + 2r],

Ψ(v, v − β(v) + ∆)−Ψ(v, w − β(w)) = Ψc(v, ξ)
[
β(w)− β(v)

]
.

Therefore
0 ≤ β(w)− β(v) ≤ Λ

α0
(w − v).

Thus β is Lipschitz on I. Since v0 was arbitrary, β is locally Lipschitz on V ◦.

Step 5: Derive the ODE at differentiability points. Since β is locally Lipschitz, it is
differentiable almost everywhere on V ◦. Fix a point v ∈ V ◦ at which β is differentiable,
and set c := v − β(v) > 0. For h > 0 sufficiently small, the bid β(v + h) is feasible for
a bidder with valuation v, because β(v + h) → β(v) < v. Incentive compatibility at
valuation v gives

Ψ(v, c) ≥ Ψ(v + h, v − β(v + h)).

Incentive compatibility at valuation v + h, where the bidder can deviate to β(v), gives

Ψ(v + h, v + h− β(v + h)) ≥ Ψ(v, v + h− β(v)).

Taking one-sided difference quotients and letting h ↓ 0 yields

0 ≥ Ψx(v, c)−Ψc(v, c)β
′(v) and 0 ≤ Ψx(v, c)−Ψc(v, c)β

′(v).

Hence
β′(v) =

Ψx(v, c)

Ψc(v, c)
.

Substituting c = v − β(v) and (7) gives the ODE at every differentiability point.
Since β is absolutely continuous on compact subintervals and satisfies the ODE

almost everywhere, it is an integral solution. The right-hand side of the ODE is con-
tinuous on the interior region {(v, b) : v ∈ V ◦, b < v}. Therefore β is C1 on V ◦ and
satisfies the ODE pointwise.

Lemma 3 (Existence). Suppose Assumption 1 holds. Then there exists a continuous
function β : V → R+ which is continuously differentiable on V ◦ and solves the ODE
(1). Moreover, it is strictly increasing on V ◦ and exhibits bid shading, i.e. β(v) < v

for every v > v.
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Proof. The proof has three steps. Step 1 constructs a local solution close to the initial
value. Step 2 extends that solution to the whole support V . Step 3 verifies strict
monotonicity.

Step 1. Local construction near the initial value. Set v = v + t for t > 0. Let

A0 :=

∫
Θ
fθ(v)

N−1 µ(dθ).

By the maintained density regularity, fθ(v) > 0 for every θ ∈ Θ; hence A0 > 0. By
compactness of Θ and joint continuity of (θ, v) 7→ fθ(v) on Θ× V ,

Fθ(v + t) =

∫ t

0
fθ(v + s) ds = fθ(v)t+ o(t), (8)

uniformly in θ as t ↓ 0. Define, only for use in this proof,

H̄(v) :=

∫
Θ
Hθ(v)µ(dθ), h̄(v) :=

∫
Θ
hθ(v)µ(dθ).

Since Hθ = FN−1
θ and hθ = (N − 1)FN−2

θ fθ on V ◦,

h̄(v) = (N − 1)

∫
Θ
Fθ(v)

N−2fθ(v)µ(dθ). (9)

Consequently, the uniform expansion in Eq. (8) gives

H̄(v + t)

tN−1
=

∫
Θ

(
Fθ(v + t)

t

)N−1

µ(dθ) −→ A0, (10)

and Eq. (9) gives

h̄(v + t)

tN−2
= (N − 1)

∫
Θ

(
Fθ(v + t)

t

)N−2

fθ(v + t)µ(dθ) −→ (N − 1)A0. (11)

In particular,

t
h̄(v + t)

H̄(v + t)
−→ N − 1.

Using the approximation ϕ′(Hθ(x)c) ≈ ϕ′(0) close to the initial value, we have

β′(v) =
Ψx(v, v − β(v))

Ψc(v, v − β(v))
≈ h̄(v)(v − β(v))

H̄(v)
≈ (N − 1)

v + t− β(v + t)

t
. (12)

If locally β(v + t) ≈ v + at, then (12) requires a = (N − 1)(1 − a), and hence a =
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(N − 1)/N . Put q := 1/N and therefore consider the ansatz

β(v + t) = v +
N − 1

N
t− tz(t), t > 0.

If z is bounded, this representation gives a continuous extension to the initial value.
For this ansatz,

v + t− β(v + t) = t
(
q + z(t)

)
, β′(v + t) =

N − 1

N
− z(t)− tz′(t).

Substituting these expressions into the ODE gives

tz′(t) = −Nz(t) +R(t, z(t)), (13)

where
R(t, z) := (N − 1)(q + z) [1−K(t, z)]

and

K(t, z) :=

∫
Θ
ϕ′(Hθ(v + t)t(q + z))

hθ(v + t)

tN−2
µ(dθ)

(N − 1)

∫
Θ
ϕ′(Hθ(v + t)t(q + z))

Hθ(v + t)

tN−1
µ(dθ)

.

From (13), (
tNz(t)

)′
= tN−1R(t, z(t)).

Hence any solution for which the transformed function z is bounded must satisfy

z(t) =
1

tN

∫ t

0
τN−1R(τ, z(τ)) dτ, t > 0. (14)

Conversely, any continuous function satisfying (14) is C1 on (0, δ] and solves (1) there.
Therefore the local existence problem is reduced to finding a fixed point of the integral
operator in (14).

We now prove existence by showing that the integral operator is a contraction. Fix
η ∈ (0, q). We work on the strip z ∈ [−η, η], which ensures strictly positive surplus:

t(q + z) ≥ t(q − η) > 0.

For z ∈ [−η, η] and θ ∈ Θ,

0 ≤ Hθ(v + t)t(q + z) ≤ t(q + η).
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Therefore, by continuity of ϕ′ at zero,

sup
θ∈Θ, z∈[−η,η]

∣∣ϕ′(Hθ(v + t)t(q + z))− ϕ′(0)
∣∣→ 0 as t ↓ 0. (15)

Let εt denote the supremum in (15). The errors from replacing ϕ′ by ϕ′(0) in the
numerator and the full denominator of K(t, z) are bounded uniformly in z, respectively,
by

εt
h̄(v + t)

tN−2
and (N − 1)εt

H̄(v + t)

tN−1
.

By Eqs. (10) and (11), both bounds vanish. Hence the numerator and denominator of
K(t, z) converge uniformly in z ∈ [−η, η] to the same strictly positive limit:

ϕ′(0)(N − 1)A0 > 0.

Hence
sup

z∈[−η,η]
|K(t, z)− 1| → 0 as t ↓ 0. (16)

In particular, the denominator of K is bounded away from zero, uniformly in z ∈
[−η, η], for all sufficiently small t.

We next obtain a Lipschitz constant in z. Since ϕ′ is locally Lipschitz near zero,
there is a constant C > 0 such that, for small t and all z, z′ ∈ [−η, η],∣∣ϕ′ (Hθ(v + t)t(q + z))− ϕ′ (Hθ(v + t)t(q + z′)

)∣∣ ≤ CHθ(v + t)t|z − z′|.

For the scaled numerator of K, the resulting difference is bounded by

Ct|z − z′|
∫
Θ
Hθ(v + t)

hθ(v + t)

tN−2
µ(dθ) ≤ Ct|z − z′| h̄(v + t)

tN−2
.

For its scaled denominator, the difference is bounded by

C(N − 1)t|z − z′|
∫
Θ

Hθ(v + t)2

tN−1
µ(dθ) ≤ C(N − 1)t|z − z′|H̄(v + t)

tN−1
.

The two ratios on the right are bounded by Eqs. (10) and (11), while the denominator
of K is bounded away from zero and its numerator is uniformly bounded. Therefore
the Lipschitz constant of z 7→ K(t, z) converges to zero as t ↓ 0.

Set R(0, z) = 0, consistently with the uniform convergence above. Combining this
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fact with (16), choose δ > 0 small enough that, for all t ∈ [0, δ] and all z, z′ ∈ [−η, η],

|R(t, 0)| ≤ Nη

4
, |R(t, z)−R(t, z′)| ≤ N

4
|z − z′|. (17)

Define
Xδ := {z ∈ C([0, δ]) : z(0) = 0, ‖z‖∞ ≤ η}

with the sup norm. This is a complete metric space. Define

(Tz)(t) =


1

tN

∫ t

0
τN−1R(τ, z(τ)) dτ, t > 0,

0, t = 0.

We show that T is a contraction from Xδ into itself. First, for z ∈ Xδ, (17) implies

|R(t, z(t))| ≤ |R(t, 0)|+ N

4
|z(t)| ≤ Nη

2
.

Thus, for t > 0,

|(Tz)(t)| ≤ 1

tN

∫ t

0
τN−1Nη

2
dτ =

η

2
≤ η.

Moreover, since R(t, z) → 0 uniformly on [−η, η],

|(Tz)(t)| ≤ 1

N
sup

0≤τ≤t
|R(τ, z(τ))| → 0,

so Tz is continuous at zero and (Tz)(0) = 0. Hence T (Xδ) ⊆ Xδ.
Second, for z1, z2 ∈ Xδ, (17) gives

|(Tz1)(t)− (Tz2)(t)| ≤
1

tN

∫ t

0
τN−1N

4
‖z1 − z2‖∞ dτ

=
1

4
‖z1 − z2‖∞ .

Therefore T is a contraction. By Banach’s fixed point theorem, there exists z ∈ Xδ

satisfying (14). The fixed point is C1 on (0, δ] and solves (13) there.
Define

β(v) = v, β(v + t) = v +
N − 1

N
t− tz(t), t ∈ (0, δ].

Since z is bounded and z(0) = 0, β(v + t) → v and

v + t− β(v + t) = t(q + z(t)) ≥ t(q − η) > 0.
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Thus the constructed branch is admissible, attaches continuously to the lower boundary,
and solves the original bidding equation on (v, v + δ].

Step 2: Extend the local solution to the whole interior. Away from the bound-
ary β(v) = v, compactness and joint continuity give the uniform interior bounds in
Lemma 1, and the right-hand side of the ODE is locally Lipschitz. Let (v, v̂) be the
maximal interval on which the local solution has been extended and satisfies β(v) < v.
Suppose v̂ < v.

Since the ODE gives β′(v) > 0 whenever β(v) < v, and since β(v) < v < v̂ for
v < v̂, the limit β∗ := limv↑v̂ β(v) exists and is finite. If β∗ < v̂, then (v̂, β∗) lies strictly
inside the region {(v, b) : v > v, b < v}. Local Lipschitzness of the ODE there allows
continuation beyond v̂, contradicting maximality. Thus the only possible obstruction
is β∗ = v̂.

We rule this out. On a compact neighborhood of the interior point v̂, the denom-
inator of the ODE is bounded away from zero, while its numerator is bounded by a
constant times v − b. Thus the ODE right-hand side extends continuously to the local
diagonal with value zero. Hence, for v < v̂ sufficiently close to v̂ and β(v) sufficiently
close to v, β′(v) < 1/2. Then

d
dv
(
v − β(v)

)
>

1

2

on a left neighborhood of v̂. Integrating from v to v̂ gives

0− (v − β(v)) =

∫ v̂

v

d
dy
(
y − β(y)

)
dy > 0,

which is impossible because v−β(v) > 0. Thus the solution cannot break down at any
interior valuation, so v̂ = v and the solution extends uniquely to all of V ◦.

Define β(v) := limv↑v β(v) by the monotone limit from below. This gives the contin-
uous representative on all of V . Moreover, β(v) < v. Indeed, if equality held, the same
uniform diagonal estimate on a compact left neighborhood of v would give β′(v) < 1/2

there, and integrating (v − β(v))′ > 1/2 up to v would yield the same contradiction as
above.

Step 3: Verify strict monotonicity. Since v − β(v) > 0 on V ◦, the ODE gives
β′(v) > 0 for every v ∈ V ◦. Thus β is strictly increasing on V ◦.

Lemma 4 (Verification and uniqueness). Let β be a continuous function on V , C1

on V ◦, satisfying β(v) = v, β(v) < v for every v > v, and the ODE on V ◦. Under
Assumptions 1 and 2, the profile in which every bidder uses β is a symmetric equilibrium.

35



Moreover, there is at most one such non-decreasing solution.

Proof. We first prove the monotonicity property that makes the first-order condition
sufficient. Fix x ∈ V ◦. We show that

c 7→ Ψx(x, c)

Ψc(x, c)

is strictly increasing on (0,∞). Using (7), a direct differentiation gives

d
dc

[
Ψx(x, c)

Ψc(x, c)

]
=

1

Ψc(x, c)2

∫∫
Θ×Θ

ϕ′(Hθ(x)c)ϕ
′(Hη(x)c)hθ(x)Hη(x)

× [1 + ρ(Hη(x)c)− ρ(Hθ(x)c)]µ(dθ)µ(dη).
(18)

If alternative (ii) of Assumption 2 holds, the bracketed term is bounded below by
1− (sup ρ− inf ρ) > 0, so the derivative in (18) is strictly positive.

Now suppose alternative (i) of Assumption 2 holds. The part of (18) corresponding
to the constant term 1 is strictly positive. It remains to show that the part involving
ρ(Hη(x)c)− ρ(Hθ(x)c) is nonnegative. Symmetrizing that part gives

1

2

∫∫
Θ×Θ

ϕ′(Hθ(x)c)ϕ
′(Hη(x)c)Hθ(x)Hη(x)

×
[
hθ(x)

Hθ(x)
− hη(x)

Hη(x)

]
[ρ(Hη(x)c)− ρ(Hθ(x)c)]µ(dθ)µ(dη).

By Assumption 1, if θ ≥ η, then

hθ(x)

Hθ(x)
≥ hη(x)

Hη(x)
and Hθ(x) ≤ Hη(x).

Thus the two brackets are nonnegative when θ ≥ η and nonpositive when η ≥ θ. Hence
their product is always nonnegative. Therefore the derivative in (18) is strictly positive.

We now verify that β is a best response. Since β solves the ODE and β(v) < v,
its derivative is strictly positive, so β is strictly increasing on V ◦. Fix a bidder with
valuation v > v. Any bid in the image of β can be written as b = β(x) for some x ∈ V ◦.
Such a bid wins exactly when the highest rival valuation is below x, so

U(β(x), β, v) = Ψ(x, v − β(x)).

Differentiating with respect to x,

d
dxΨ(x, v − β(x)) = Ψx(x, v − β(x))−Ψc(x, v − β(x))β′(x).
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Because β solves the ODE,

β′(x) =
Ψx(x, x− β(x))

Ψc(x, x− β(x))
.

Thus the sign of the derivative is the sign of

Ψx(x, v − β(x))

Ψc(x, v − β(x))
− Ψx(x, x− β(x))

Ψc(x, x− β(x))
.

By the monotonicity just proved, this sign is the sign of (v−β(x))− (x−β(x)) = v−x.
Therefore U(β(x), β, v) is increasing in x for x < v and decreasing in x for x > v. Since
β is strictly increasing, β(v) is the unique maximizer among bids in the image of β.

Bids below β(v) = v win only on null opponent profiles and yield ϕ(0), while
U(β(v), β, v) = Ψ(v, v − β(v)) > ϕ(0) for every v > v. Such lower bids cannot be
optimal. The image of β has the finite upper endpoint β(v). Bids above that endpoint
win with probability one and yield ϕ(v−b), which is decreasing in b. These bids cannot
improve upon the decreasing limit of payoffs along the image above β(v). Hence β(v)

is a best response for every v > v. At v = v, the boundary value is the continuous
representative. Thus the profile in which every bidder uses β is a symmetric equilibrium.

This establishes verification: conditional on rivals using the candidate strategy β,
for every interior valuation v, the unique optimal bid is β(v). This does not yet exclude
a different candidate strategy that is also a fixed point of best responses. It remains to
show that the boundary-value problem admits at most one admissible non-decreasing
solution.

Let β1 and β2 be two non-decreasing C1 solutions satisfying the stated boundary
condition. Define d(v) :=

(
v − β1(v)

)
−
(
v − β2(v)

)
. By the ODE,

d′(v) = −
[
Ψx(v, v − β1(v))

Ψc(v, v − β1(v))
− Ψx(v, v − β2(v))

Ψc(v, v − β2(v))

]
.

The bracket has the same sign as d(v) by the monotonicity proved above. Hence
d(v)d′(v) ≤ 0, so (d(v)2)′ ≤ 0 on V ◦. Since both solutions have the same continuous
boundary representative, limv↓v d(v) = 0. Therefore d(v)2 = 0 for every v ∈ V ◦,
and the two solutions coincide. Thus the admissible non-decreasing solution of the
boundary-value problem is unique.

Proof of Theorem 1. Existence follows from Lemma 3. By Lemma 4, the profile in-
duced by the solution constructed in Lemma 3 is a symmetric equilibrium.

Conversely, let β be the common bidding function in any non-decreasing symmetric
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equilibrium. By Lemma 2, β is locally Lipschitz on V ◦ and satisfies the ODE almost
everywhere. Since the right-hand side of the ODE is continuous on the interior region
where v > v and β(v) < v, β is an integral solution and hence is C1 on V ◦ and satisfies
the ODE pointwise.

Lemma 2 shows that every non-decreasing symmetric equilibrium has the same con-
tinuous lower-endpoint extension, β(v) = v. It therefore satisfies the same boundary-
value problem as the solution constructed in Lemma 3. Lemma 4 implies that the two
bidding paths coincide. Hence the non-decreasing symmetric equilibrium is unique.

Proof of Corollary 1. Under ambiguity neutrality, ϕ′(x) = 1, and the highest-rival CDF
satisfies ∫

Θ
Hθ(v)µ(dθ) =

∫
Θ
Fθ(v)

N−1 µ(dθ) = FN−1(v)
N−1.

Substituting ϕ′(x) = 1 into the equilibrium ODE therefore yields the standard Bayesian
FPA ODE under the individual-value distribution FN−1.

Appendix B Bidding Comparative Statics and Benchmarks

Proof of Theorem 2. Since A is more ambiguity averse than B, there exists an increas-
ing concave function χ such that

ϕA = χ ◦ ϕB.

Because ϕA and ϕB are continuously differentiable and ϕ′
B > 0, χ is differentiable on

the relevant range and
ϕ′
A(x) = χ′(ϕB(x))ϕ

′
B(x).

For k ∈ {A,B}, define

Qk(v, c) := c

∫
Θ ϕ′

k(Hθ(v)c)hθ(v)µ(dθ)∫
Θ ϕ′

k(Hθ(v)c)Hθ(v)µ(dθ)
,

and define the probability measure

νk,v,c(dθ) :=
ϕ′
k(Hθ(v)c)Hθ(v)∫

Θ ϕ′
k(Hη(v)c)Hη(v)µ(dη)

µ(dθ).

The definition of νk,v,c allows us to write

Qk(v, c) = c

∫
Θ

hθ(v)

Hθ(v)
νk,v,c(dθ).
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Thus, Qk(v, c)/c is the ambiguity-adjusted expectation of the candidate highest-rival
reverse hazard rate.

We next compare the two ambiguity-adjusted measures. Their likelihood ratio is

dνA,v,c

dνB,v,c
(θ) =

∫
Θ ϕ′

B(Hη(v)c)Hη(v)µ(dη)∫
Θ ϕ′

A(Hη(v)c)Hη(v)µ(dη)
ϕ′
A(Hθ(v)c)

ϕ′
B(Hθ(v)c)

= C(v, c)χ′(ϕB(Hθ(v)c)) ,

where C(v, c) > 0 does not depend on θ.
Fix v ∈ V ◦. If θ′ ≥ θ, the RHR order gives

hθ′(v)

Hθ′(v)
= (N − 1)

fθ′(v)

Fθ′(v)
≥ (N − 1)

fθ(v)

Fθ(v)
=

hθ(v)

Hθ(v)
.

The same RHR order, together with the common upper endpoint, implies

Fθ′(v) ≤ Fθ(v),

and hence
Hθ′(v) ≤ Hθ(v).

Indeed,

logFθ′(v)− logFθ(v) = −
∫ v

v

[
fθ′(t)

Fθ′(t)
− fθ(t)

Fθ(t)

]
dt ≤ 0.

Since χ is concave, χ′ is non-increasing, while ϕB is increasing. It follows from
Hθ′(v) ≤ Hθ(v) that

χ′(ϕB(Hθ′(v)c)) ≥ χ′(ϕB(Hθ(v)c)) .

Therefore,
θ 7−→

dνA,v,c

dνB,v,c
(θ)

is weakly increasing. In other words, νA,v,c dominates νB,v,c in the monotone likelihood-
ratio order and hence also in the first-order stochastic dominance order.

At the same time,
θ 7−→ hθ(v)

Hθ(v)

is weakly increasing. First-order stochastic dominance therefore gives∫
Θ

hθ(v)

Hθ(v)
νA,v,c(dθ) ≥

∫
Θ

hθ(v)

Hθ(v)
νB,v,c(dθ).
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Multiplying by c > 0, we obtain

QA(v, c) ≥ QB(v, c) for every v ∈ V ◦ and c > 0.

Let
sk(v) := v − βk(v), k ∈ {A,B}.

The equilibrium ODEs can be written as

s′k(v) = 1−Qk(v, sk(v)) .

The monotonicity property established in the verification argument implies that

c 7−→ QB(v, c)

is strictly increasing.
Suppose that sA(v) > sB(v) at some valuation. At every such valuation,(

sA − sB
)′
(v) = −QA(v, sA(v)) +QB(v, sB(v))

≤ −QB(v, sA(v)) +QB(v, sB(v))

< 0.

The first inequality follows from QA(v, c) ≥ QB(v, c) at the common surplus c = sA(v);
the second follows from sA(v) > sB(v) and the strict increase of QB(v, ·).

Now consider a connected component of

{v ∈ V ◦ : sA(v) > sB(v)} .

At its left boundary, continuity and the common lower-endpoint condition imply sA −
sB = 0, whereas inside the component sA−sB is strictly decreasing. It therefore cannot
become strictly positive. Hence no such component exists, and

sA(v) ≤ sB(v) for every v ∈ V.

Equivalently,
βA(v) ≥ βB(v) for every v ∈ V.
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Proof of Proposition 1. Let s(v) := v − β(v) and write the equilibrium coefficient as

r(v, s) :=

∫
Θ ϕ′(Hθ(v)s)hθ(v)µ(dθ)∫
Θ ϕ′(Hθ(v)s)Hθ(v)µ(dθ)

.

It is a weighted average of hθ(v)/Hθ(v). Thus, with H± = (F±)N−1,

h−(v)

H−(v)
≤ r(v, s) ≤ h+(v)

H+(v)
.

Since s′ = 1− r(v, s)s, these inequalities imply

(H+(v)s(v))′ ≥ H+(v), (H−(v)s(v))′ ≤ H−(v).

Integrating from v and using the common boundary value gives∫ v
v H+(t) dt
H+(v)

≤ s(v) ≤

∫ v
v H−(t) dt
H−(v)

.

Subtracting these surplus inequalities from v proves the stated bid bounds.

Proof of Theorem 3. By the Arrow–Pratt characterization of comparative smooth am-
biguity aversion and Theorem 2, βk+1(v) ≥ βk(v) for every v ∈ V , while Proposi-
tion 1 gives βk(v) ≤ βmin(v). Hence, for every v ∈ V , the pointwise limit β∗(v) :=

limk→∞ βk(v) exists and satisfies β∗(v) ≤ βmin(v).
We next derive the limiting incentive constraints. Fix v, x ∈ V such that βmin(x) ≤

v. Then βk(x) ≤ v, so a bidder with valuation v can mimic one with valuation x by
bidding βk(x). Fix j. For every k ≥ j, equilibrium optimality and monotonicity of ϕk

imply ∫
Θ
ϕk

(
Hθ(v)

[
v − βj(v)

])
µ(dθ)

≥
∫
Θ
ϕk

(
Hθ(v)

[
v − βk(v)

])
µ(dθ)

≥
∫
Θ
ϕk

(
Hθ(x)

[
v − βk(x)

])
µ(dθ)

≥
∫
Θ
ϕk

(
Hθ(x)

[
v − β∗(x)

])
µ(dθ).

The first and last payoff profiles in this chain are fixed as k varies. Klibanoff et al.
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(2005, Proposition 3) therefore imply

ess inf
θ∼µ

Hθ(v)
[
v − βj(v)

]
≥ ess inf

θ∼µ
Hθ(x)

[
v − β∗(x)

]
.

By compactness of Θ, full support of µ, and continuity in θ, the essential infima are
minima. Since both surplus terms are nonnegative and minθ∈ΘHθ(y) = H+(y), we
obtain

H+(v)
[
v − βj(v)

]
≥ H+(x)

[
v − β∗(x)

]
.

Letting j → ∞ gives

H+(v)
[
v − β∗(v)

]
≥ H+(x)

[
v − β∗(x)

]
whenever βmin(x) ≤ v. (19)

Fix v ∈ V ◦. If w < v is sufficiently close to v, then βmin(v) < w < v. Applying
Eq. (19) first to a bidder with valuation v bidding as one with valuation w, and then
vice versa, yields

H+(w)(v − w) ≤ H+(v)
[
v − β∗(v)

]
−H+(w)

[
w − β∗(w)

]
≤ H+(v)(v − w).

(20)

Similarly, if w > v is sufficiently close to v, then βmin(w) < v, and the two incentive
constraints give

H+(v)(w − v) ≤ H+(w)
[
w − β∗(w)

]
−H+(v)

[
v − β∗(v)

]
≤ H+(w)(w − v).

(21)

By continuity of H+, Eqs. (20) and (21) imply

d
dv
{
H+(v)

[
v − β∗(v)

]}
= H+(v).

Moreover, limv↓v H
+(v)

[
v−β∗(v)

]
= 0, because H+(v) → 0 and the surplus is bounded.

Therefore
H+(v)

[
v − β∗(v)

]
=

∫ v

v
H+(t) dt.

It follows that

β∗(v) = v −

∫ v
v H+(t) dt
H+(v)

= βmin(v)

for every v ∈ V ◦. Equality at the lower endpoint follows from the normalization.
Equality at the upper endpoint follows from monotonicity of β∗, the inequality β∗ ≤
βmin, and continuity of βmin.
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Appendix C CRAA and Auction-Format Comparisons

C.1 Constant Relative Risk Aversion (CRRA) Analogy

Consider the symmetric equilibrium of the first-price auction with risk-averse bidders
in the SEU framework.

Lemma 5 (CRRA benchmark). Let bidders share the candidate belief F . Let u :

R+ → R be continuous, strictly increasing, and concave, with u(0) = 0, and continu-
ously differentiable with u′(x) > 0 for x > 0. Any differentiable increasing symmetric
equilibrium of the standard Bayesian IPV first-price auction satisfies

β′(v) = (N − 1)
f(v)u(v − β(v))

F (v)u′(v − β(v))
,

with β(v) = v.

If u(x) = xγ with 0 < γ ≤ 1, then

β′(v) =
N − 1

γ

f(v)

F (v)
(v − β(v)).

Consequently, under the standard conditions ensuring uniqueness of the increasing
symmetric Bayesian equilibrium, the CRRA bidding function coincides with the risk-
neutral equilibrium under the distribution Fγ := F 1/γ .

C.2 CRAA Coefficient and Equilibrium Proofs

For every compact interval I ⊂ V ◦, compactness and joint continuity give

min
(θ,v)∈Θ×I

Hθ(v) > 0,

so the negative-power and logarithmic expressions used below are well defined at interior
valuations.

For a bounded nonnegative measurable collection X = {Xθ}θ∈Θ and p ∈ R, define
the generalized mean under µ by

Mp(X) :=


(∫

Θ
Xp

θ µ(dθ)
)1/p

, p 6= 0,

exp
(∫

Θ
logXθ µ(dθ)

)
, p = 0.

For p ≤ 0, the formula for a collection that may vanish is understood by its monotone

43



continuous extension from strictly positive collections, Mp(X) := limε↓0Mp(X + ε).
In particular, this convention includes the geometric-mean case at zero and the corre-
sponding extended-value convention for negative powers.

The CRAA certainty equivalent is therefore

CEa({Xθ}θ∈Θ) = M1−a(X) =


(∫

Θ
X1−a

θ µ(dθ)
)1/(1−a)

, a 6= 1,

exp
(∫

Θ
logXθ µ(dθ)

)
, a = 1.

Applying this mean to the highest-rival CDFs under the candidate beliefs gives

Ha(v) := M1−a

(
{Hθ(v)}θ∈Θ

)
=


(∫

Θ
Hθ(v)

1−a µ(dθ)
)1/(1−a)

, a 6= 1,

exp
(∫

Θ
logHθ(v)µ(dθ)

)
, a = 1.

Since Hθ = FN−1
θ , the associated individual effective CDF satisfies

Fa(v) := Ha(v)
1/(N−1) = M(N−1)(1−a)

(
{Fθ(v)}θ∈Θ

)
.

Equivalently,

Fa(v) =


(∫

Θ
Fθ(v)

(N−1)(1−a) µ(dθ)
)1/[(N−1)(1−a)]

, a 6= 1,

exp
(∫

Θ
logFθ(v)µ(dθ)

)
, a = 1.

We next verify the required distributional properties. Generalized means are mono-
tone and satisfy

min
θ∈Θ

Hθ(v) ≤ Ha(v) ≤ max
θ∈Θ

Hθ(v).

Hence Ha is non-decreasing. Joint continuity and compactness imply uniform conver-
gence of Hθ(v) to zero as v ↓ v and to one as v ↑ v. The displayed bounds therefore
give Ha(v) = 0, Ha(v) = 1, and continuity at both endpoints. On V ◦, differentiation
under the integral sign gives

H ′
a(v) = Ha(v)

a

∫
Θ
Hθ(v)

−ahθ(v)µ(dθ) > 0,

where the same formula follows by differentiating the logarithmic expression when a =

1. Consequently, Ha is a continuous CDF on V and is continuously differentiable with
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strictly positive density on V ◦. Since Fa = H
1/(N−1)
a , the same endpoint, monotonicity,

and interior regularity properties hold for Fa.

Proof of Proposition 2.

CEa({Hθ(x)[v − β(x)]}θ∈Θ) = Ha(x)[v − β(x)] = Fa(x)
N−1[v − β(x)].

Write c := v − β(x). For a 6= 1, homogeneity of the CRAA certainty equivalent gives

CEa({Hθ(x)c}θ∈Θ) =
(∫

Θ
[Hθ(x)c]

1−a µ(dθ)
)1/(1−a)

= c

(∫
Θ
Hθ(x)

1−a µ(dθ)
)1/(1−a)

= cHa(x).

For a = 1, the same identity follows from

exp
(∫

Θ
log[Hθ(x)c]µ(dθ)

)
= c exp

(∫
Θ

logHθ(x)µ(dθ)
)

= cHa(x),

with the zero-surplus case obtained by continuity. Since Ha = FN−1
a , this proves the

displayed best-response identity. The identity holds for every deviation indexed by x,
so the CRAA best-response problem is exactly the risk-neutral best-response problem
with i.i.d. distribution Fa. Their symmetric equilibrium bidding functions therefore
coincide.

C.3 Bidder-Preference Proofs

We use the generalized mean Mp defined in Appendix C.2. For p ≤ 1, Mp is homoge-
neous of degree one and concave on the positive cone and hence is superadditive:

Mp(X + Y ) ≥ Mp(X) +Mp(Y ).

For completeness, we verify these properties below.

Proof of concavity and superadditivity. For completeness, consider first a finite support
{1, . . . , n} with probabilities πi > 0. For p 6= 0 write

Mp(x) =

(∑
i

πix
p
i

)1/p

, xi > 0.
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A direct differentiation gives, for any vector z,

z′D2Mp(x)z = (1− p)Mp(x)
1−2p

(∑
i

πix
p−1
i zi

)2

−

(∑
i

πix
p
i

)(∑
i

πix
p−2
i z2i

) .

By Cauchy’s inequality,(∑
i

πix
p−1
i zi

)2

≤

(∑
i

πix
p
i

)(∑
i

πix
p−2
i z2i

)
.

Since p ≤ 1, the factor 1− p is nonnegative, so z′D2Mp(x)z ≤ 0. Thus Mp is concave.
The case p = 0 follows by taking the limit p → 0, which yields the geometric mean.
The general case follows by finite-support approximation.

Homogeneity is immediate from the definition: Mp(cX) = cMp(X) for c > 0.
Concavity and homogeneity imply superadditivity:

1

2
Mp(X + Y ) = Mp

(
X + Y

2

)
≥ 1

2
Mp(X) +

1

2
Mp(Y ).

Multiplying by 2 yields the displayed inequality.

Proof of Proposition 6. Let p := 1−a and let sa(v) := v−βa(v) denote the equilibrium
FPA surplus. By Proposition 2, the effective highest-rival CDF is Ha(v) = Mp(Hθ(v)),
where Hθ(v) is viewed as the random variable θ 7→ Hθ(v) on (Θ, µ). The equilibrium
characterization gives

sa(v) =

∫ v
v Ha(t) dt
Ha(v)

.

Since the CRAA certainty equivalent is Mp and Mp is homogeneous,

CEFPA
a (v) = Mp

(
Hθ(v)sa(v)

)
= sa(v)Ha(v)

=

∫ v

v
Ha(t) dt

=

∫ v

v
Mp(Hθ(t)) dt.

Under truthful bidding in the SPA, let

Y−i := max
j ̸=i

vj
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denote the highest rival valuation under candidate belief Fθ. The payoff under candi-
date belief Fθ is

Aθ(v) = Eθ[(v − Y−i)+] =

∫ v

v
Hθ(t) dt.

Hence
CESPA

a (v) = Mp

(∫ v

v
Hθ(t) dt

)
.

Since p ≤ 1, superadditivity of the generalized mean, applied first to finite sums and
then to the integral by approximation, gives

CESPA
a (v) ≥

∫ v

v
Mp(Hθ(t)) dt = CEFPA

a (v).

Because ϕ is strictly increasing, USPA(v) ≥ UFPA(v).

Proof of Proposition 7. Let s(v) := v − β(v) and Aθ(v) :=
∫ v
v Hθ(t) dt, and define the

utility difference

D(v) :=

∫
Θ
[ϕ(Hθ(v)s(v))− ϕ(Aθ(v))]µ(dθ).

It suffices to prove D(v) ≥ 0.
Since A′

θ(v) = Hθ(v) and the equilibrium surplus equation is

s′(v) = 1− s(v)

∫
Θ ϕ′(Hθ(v)s(v))hθ(v)µ(dθ)∫
Θ ϕ′(Hθ(v)s(v))Hθ(v)µ(dθ)

,

differentiating D makes the terms involving hθ cancel and yields

D′(v) =

∫
Θ
Hθ(v)

[
ϕ′(Hθ(v)s(v))− ϕ′(Aθ(v))

]
µ(dθ). (22)

For each θ, write

xθ := Hθ(v)s(v), yθ := Aθ(v), Zθ := ϕ(xθ)− ϕ(yθ),

and define

κ(x, y) :=


−ϕ′(x)− ϕ′(y)

ϕ(x)− ϕ(y)
, x 6= y,

α(x), x = y.
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Then
ϕ′(x)− ϕ′(y) = −κ(x, y)[ϕ(x)− ϕ(y)].

For x 6= y, the fundamental theorem of calculus and −ϕ′′ = αϕ′ give

κ(x, y) =

∫ max{x,y}
min{x,y} α(t)ϕ′(t) dt∫ max{x,y}

min{x,y} ϕ′(t) dt
.

Under IAAA, this weighted average is weakly increasing in each argument.
We next use the RHR order. If θ ≥ η, then Hθ(v) ≤ Hη(v) and, for t ≤ v,

Hθ(t)

Hθ(v)
= exp

(
−
∫ v

t

hθ(z)

Hθ(z)
dz
)

≤ Hη(t)

Hη(v)
.

Integrating gives
Aθ(v)

Hθ(v)
≤ Aη(v)

Hη(v)
. (23)

Consequently, as Hθ(v) increases along the RHR order, both xθ and yθ increase. By
IAAA, κ(xθ, yθ) increases as well, and therefore wθ := Hθ(v)κ(xθ, yθ) is increasing in
Hθ(v).

Moreover,
Zθ ≥ 0 ⇐⇒ s(v) ≥ Aθ(v)

Hθ(v)
.

By Eq. (23), Zθ single-crosses from nonnegative to nonpositive as Hθ(v) increases.
Combining this observation with Eq. (22) gives

D′(v) = −
∫
Θ
wθZθ µ(dθ).

Suppose D(v) =
∫
Θ Zθ µ(dθ) ≤ 0. Choose a value w0 at the single-crossing thresh-

old. Since wθ is increasing while Zθ single-crosses from nonnegative to nonpositive,∫
Θ
wθZθ µ(dθ) =

∫
Θ
(wθ − w0)Zθ µ(dθ) + w0D(v) ≤ 0.

Thus D′(v) ≥ 0 whenever D(v) ≤ 0. Finally, D(v) = 0. If the open set {v : D(v) < 0}
had a connected component, D would be weakly increasing throughout that component
from a zero left-boundary value, a contradiction. Hence D(v) ≥ 0 for every v ∈ V ,
proving UFPA(v) ≥ USPA(v).
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Appendix D Seller-Revenue Results

Proof of Proposition 3. Recall from Corollary 1 that

FN−1(v)
N−1 =

∫
Θ
Fθ(v)

N−1 µ(dθ),

and that β0 is the equilibrium bid in the standard Bayesian auction with individual val-
uations distributed according to FN−1. In that auction, standard revenue equivalence
gives ∫

V
β0(v) d

(
FN−1(v)

N
)
= EFN−1

[
v(2)
]
.

Denote by RFPA
id the revenue of the first-price auction under ambiguity neutrality. We

can thus write the difference between the revenue of the first-price and the second-price
auction as follows.

RSPA −RFPA
id = RSPA −

∫
V
β0(v) d

(∫
Θ
Fθ(v)

N µ(dθ)
)

=
[
RSPA − EFN−1

[
v(2)
]]

+

[∫
V
β0(v) d

(
FN−1(v)

N
)
−
∫
V
β0(v) d

(∫
Θ
Fθ(v)

N µ(dθ)
)]

.

We first compute
RSPA − EFN−1

[
v(2)
]
,

where the latter expectation is taken in the standard Bayesian auction in which all N
valuations are independently distributed according to FN−1.

For each fixed θ, let Gθ denote the conditional CDF of the second-highest valuation.
By definition,

Gθ(v) =

∫
V N

1
{
v(2) ≤ v

} N∏
i=1

dFθ(vi).

The event v(2) ≤ v occurs if either all valuations are at most v, or exactly one valuation
exceeds v. Conditional independence therefore gives

Gθ(v) = Fθ(v)
N +N

[
1− Fθ(v)

]
Fθ(v)

N−1

= NFθ(v)
N−1 − (N − 1)Fθ(v)

N .
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Consequently,

Eθ
[
v(2)
]
=

∫
V
v dGθ(v)

= v −
∫ v

v

[
NFθ(v)

N−1 − (N − 1)Fθ(v)
N
]

dv.

Averaging this identity over θ gives an expansion of Eq. (5):

RSPA =

∫
Θ

{
v −

∫ v

v

[
NFθ(v)

N−1 − (N − 1)Fθ(v)
N
]

dv
}
µ(dθ)

= v −
∫ v

v

[
N

∫
Θ
Fθ(v)

N−1 µ(dθ)− (N − 1)

∫
Θ
Fθ(v)

N µ(dθ)
]

dv.

In the standard Bayesian auction with valuation distribution FN−1, the CDF of the
second-highest valuation is

NFN−1(v)
N−1 − (N − 1)FN−1(v)

N .

Therefore,

EFN−1

[
v(2)
]
= v −

∫ v

v

[
NFN−1(v)

N−1 − (N − 1)FN−1(v)
N
]

dv.

Subtracting the two expressions gives

RSPA − EFN−1

[
v(2)
]

=

∫ v

v

[
NFN−1(v)

N−1 − (N − 1)FN−1(v)
N

−N

∫
Θ
Fθ(v)

N−1 µ(dθ) + (N − 1)

∫
Θ
Fθ(v)

N µ(dθ)
]

dv.

By the definition of FN−1,

FN−1(v)
N−1 =

∫
Θ
Fθ(v)

N−1 µ(dθ).

Hence the two terms multiplied by N cancel, and we obtain

RSPA − EFN−1

[
v(2)
]
= (N − 1)

∫ v

v

[∫
Θ
Fθ(v)

N µ(dθ)− FN−1(v)
N

]
dv.
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We next calculate the difference between the two FPA revenues. Applying integra-
tion by parts for Lebesgue–Stieltjes integrals,∫

V
β0(v) d

(
FN−1(v)

N
)
−
∫
V
β0(v) d

(∫
Θ
Fθ(v)

N µ(dθ)
)

= −
∫
V
β0(v) d

[∫
Θ
Fθ(v)

N µ(dθ)− FN−1(v)
N

]
= − β0(v)

[∫
Θ
Fθ(v)

N µ(dθ)− FN−1(v)
N

]∣∣∣∣v
v

+

∫
V

[∫
Θ
Fθ(v)

N µ(dθ)− FN−1(v)
N

]
dβ0(v).

The boundary term vanishes: at v, both CDFs are zero, while at v, both are one. Hence∫
V
β0(v) d

(
FN−1(v)

N
)
−
∫
V
β0(v) d

(∫
Θ
Fθ(v)

N µ(dθ)
)

=

∫
V

[∫
Θ
Fθ(v)

N µ(dθ)− FN−1(v)
N

]
dβ0(v).

Combining the two calculations gives

RSPA −RFPA
id = (N − 1)

∫ v

v

[∫
Θ
Fθ(v)

N µ(dθ)− FN−1(v)
N

]
dv

+

∫
V

[∫
Θ
Fθ(v)

N µ(dθ)− FN−1(v)
N

]
dβ0(v).

(24)

For every v ∈ V , monotonicity of Lp norms implies∫
Θ
Fθ(v)

N µ(dθ) ≥
(∫

Θ
Fθ(v)

N−1 µ(dθ)
)N/(N−1)

= FN−1(v)
N .

Both terms on the right-hand side of Eq. (24) are therefore nonnegative, because β0 is
non-decreasing.

Finally, the maintained nondegeneracy of F , joint continuity, and suppµ = Θ imply
that θ 7→ Fθ(v) is not µ-almost surely constant for every v in some nondegenerate
interval contained in V ◦. The strict Lp-norm inequality holds throughout this interval,
so the first term on the right-hand side of Eq. (24) is strictly positive. Consequently,

RFPA
id < RSPA.
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Proof of Proposition 4. By Theorem 3, we have

βℓ(v) −→ βmin(v) for every v ∈ V,

where βmin = β{F+} is the standard risk-neutral FPA bid associated with the most com-
petitive endpoint distribution F+. Since 0 ≤ βℓ(v) ≤ v ≤ v, dominated convergence
implies

lim
ℓ→∞

RFPA
ϕℓ

=

∫
Θ

∫
V
βmin(v) d

(
Fθ(v)

N
)
µ(dθ). (25)

The predictive SPA revenue is given by

RSPA =

∫
Θ

∫
V
β{Fθ}(v) d

(
Fθ(v)

N
)
µ(dθ). (26)

Combining Eq. (25) and Eq. (26) yields

lim
ℓ→∞

(
RFPA

ϕℓ
−RSPA

)
=

∫
Θ

∫
V

[
βmin(v)− β{Fθ}(v)

]
d
(
Fθ(v)

N
)
µ(dθ),

The limiting integrand is weakly nonnegative because the most competitive endpoint
distribution F+ has the highest reverse hazard rate in F and therefore induces the
highest singleton-prior equilibrium bid. It follows that the preceding limit is weakly
nonnegative.

Since F is nondegenerate and µ has full support, the inequality is strict.

lim
ℓ→∞

(
RFPA

ϕℓ
−RSPA

)
> 0.

Since the revenue difference converges to a strictly positive number, there exists
ℓ0 < ∞ such that

RFPA
ϕℓ

−RSPA > 0 for every ℓ ≥ ℓ0.

This proves the result.

Proof of Proposition 5. If θ′ ≥ θ, the RHR order implies that Fθ′ first-order stochasti-
cally dominates Fθ. Since the ambiguity-equilibrium bid β is strictly increasing,

RFPA(Fθ′) ≥ RFPA(Fθ).

The same stochastic order raises the second-highest valuation, so

RSPA(Fθ′) ≥ RSPA(Fθ).
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Both inequalities are strict whenever Fθ′ 6= Fθ.
It remains to establish the endpoint rankings. Since F is nondegenerate, F− 6= F+,

and hence their reverse hazard rates differ on a nondegenerate interval. The ambiguity-
adjusted reverse hazard rate in the equilibrium ODE is a positive-weight average of the
candidate reverse hazard rates. Joint continuity and suppµ = Θ therefore imply that
this average lies strictly between the endpoint reverse hazard rates on a nondegenerate
interval. The strict comparison argument for the bid ODE then yields

β{F−}(v) < β(v) < β{F+}(v)

on a set of valuations of positive measure.
Conditional revenue equivalence and the positivity of the candidate densities con-

sequently give

RFPA(F−) =

∫
V
β(v) d

(
F−(v)N

)
>

∫
V
β{F−}(v) d

(
F−(v)N

)
= RSPA(F−),

and, analogously,
RFPA(F+) < RSPA(F+).

Continuity of the two revenue profiles then implies an interior intersection.

Proof of Corollary 2. By Proposition 5, both revenue profiles are weakly increasing, so
their lower and upper endpoints are attained at F− and F+, respectively. The strict
endpoint comparisons in Proposition 5 give the result.

Appendix E RHR-Ordered Distribution Families

The following examples concern only the RHR-ordering requirement. To fit the bounded-
support baseline environment, each family may be truncated at a common finite upper
endpoint; such a truncation leaves its RHR unchanged on the truncated support.

Proposition 8. Let

F = {Fs : X → [0, 1] | s ∈ S ⊂ (0,∞) },

where X ⊆ R. Each of the following one-parameter families is totally ordered by the
RHR order. After orienting the scalar index so that a larger index corresponds to a
higher reverse hazard rate, each family satisfies the ordering requirement in Assump-
tion 1.
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1. Exponential with rate s:

Fs(x) = 1− e−sx, x ≥ 0.

2. Pareto with shape s > 0 and fixed scale xm > 0:

Fs(x) =

1− (xm/x)s, x ≥ xm,

0, x < xm.

3. Gamma with shape s > 0 and fixed scale θ > 0:

Fs(x) =
γ
(
s, xθ
)

Γ(s)
, x ≥ 0.

4. Chi and chi-squared distributions with s > 0 degrees of freedom. If Xs ∼ χs,
then

X2
s ∼ χ2

s ∼ Gamma(s/2, 2).

5. Half-Normal with scale s > 0:

Fs(x) = Pr
(
|N(0, s2)| ≤ x

)
= erf

(
x√
2s

)
, x ≥ 0.

For N ≥ 2, the corresponding highest-rival family Hs = FN−1
s , with hs := H ′

s,
inherits the same parameter ordering because

hs(v)

Hs(v)
= (N − 1)

fs(v)

Fs(v)
.

Proof. Fix two parameters s1 < s2. Let ℓ denote the common lower endpoint of
the support: ℓ = 0 for the Exponential, Gamma, Chi, chi-squared, and Half-Normal
families, and ℓ = xm for the Pareto family. All likelihood-ratio comparisons below are
conducted on the common interior of the support. For x > ℓ,

fs1(x)Fs2(x)− fs2(x)Fs1(x)

=

∫ x

ℓ
[fs1(x)fs2(t)− fs2(x)fs1(t)] dt.

54



The integrand can be written as

fs1(x)fs1(t)

[
fs2(t)

fs1(t)
− fs2(x)

fs1(x)

]
.

Hence the sign of the displayed difference is fixed across the common interior of the
support, which establishes comparability in the RHR order.4

(1) Exponential. Here
fs2(t)

fs1(t)
=

s2
s1

e−(s2−s1)t

is strictly decreasing in t > 0.

(2) Pareto. For t > xm,
fs2(t)

fs1(t)
=

s2
s1

(xm
t

)s2−s1
,

which is strictly decreasing in t.

(3) Gamma. For fixed scale θ,

fs2(t)

fs1(t)
=

Γ(s1)

Γ(s2)
θs1−s2ts2−s1 ,

which is strictly increasing in t > 0.

(4) Chi and chi-squared. For the Chi family,

fχ
s2(t)

fχ
s1(t)

= 2−(s2−s1)/2Γ(s1/2)

Γ(s2/2)
ts2−s1 ,

which is strictly increasing in t > 0 when s2 > s1. For the chi-squared family,

fχ2

s2 (t)

fχ2

s1 (t)
= 2−(s2−s1)/2Γ(s1/2)

Γ(s2/2)
t(s2−s1)/2,

which is also strictly increasing in t > 0.

(5) Half-Normal. For s1 < s2,

fs2(t)

fs1(t)
=

s1
s2

exp
{
t2

2

(
1

s21
− 1

s22

)}
.

Since 1
s21

− 1
s22

> 0, this ratio is strictly increasing in t > 0.

4A likelihood ratio that is monotone in either direction implies comparability in the RHR order. The
scalar parameter is reoriented when necessary to match the convention in Assumption 1; see Shaked
and Shanthikumar (2007).
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For the Exponential rate and Pareto shape,

s1 < s2 =⇒ Fs1 �RHR Fs2 .

Thus the index must be reversed, for example by using θ = −s, to match Assumption 1.
For the Gamma shape, Chi degrees of freedom, chi-squared degrees of freedom, and
Half-Normal scale,

s1 < s2 =⇒ Fs2 �RHR Fs1 .

Consequently, each family satisfies the ordering requirement in Assumption 1 after the
appropriate reorientation.
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